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Steinitz, Algebraic Theory of Fields Introduction

In the present essay the concept “field” is conceived in the same abstract and general
manner as in H. Weber’s investigations on the general foundations of the Galois theory of
equations”), namely as a system of elements with two operations: addition and multiplication,
which are subject to the associative and commutative law, are connected by the distributive
law, and admit unrestricted and unique inversions ). Weber’s goal, however, is a general
treatment of Galois theory, independent of the numerical meaning of the elements, whereas for
us the concept of field itself stands at the centre of interest. To obtain a survey of all possible
field types' and to establish their relations to one another in their basic features may count
as the programme of this work™ ). Since the distinctions between integral and fractional
quantities, which belong to arithmetic in the narrower sense, were not to be pursued further
here, the title Algebraic Theory of Fields was chosen.

The tendency characterized here also marks out the path we have to take. We shall start
from the formation of the simplest fields and then consider the methods by which one passes,
by extension, from a given field to a more comprehensive one. The first task leads to the
concept of the prime field and to a distinction of fields according to the characteristic. Every
field contains a smallest field, or prime field; this is either of the type of the field of rational
numbers (characteristic 0) or of the type of the system of residue classes of a prime number
p (characteristic p). For many questions the characteristic is without significance, but for
others there is a profound difference between the fields of characteristic 0 and those of prime-
number characteristic. Considering the so-called simple extensions, which can be obtained
by adjunction of a single element, gives occasion for an analogous distinction. According
as such an element satisfies an algebraic equation of the ground field or not, it is called
algebraic or transcendental (with respect to the ground field). By an algebraic extension we
understand, quite generally, any extension all of whose elements are algebraic, while every
other extension is called transcendental. The algebraic extensions include the finite ones,
which are characterized by the fact that a finite number of elements of the extension field
suffice to represent all elements linearly and homogeneously with coefficients from the ground
field. In the literature, only these extensions are usually called algebraic. The investigations
belonging here form the content of Galois theory."™'

Following the precedent of Cauchy, who showed that the introduction of the complex
numbers can be circumvented by considerations of congruences with respect to the modulus
22 + 1), Kronecker has proved that any introduction of irrationalities in the treatment
of algebraic problems™ ) can also be avoided if one replaces the equations by congruences
with respect to modular systems?. We use Kronecker’s idea in order first of all to prove that
for a field & and a function ¢(x) irreducible in & an extension field can be found which arises
from K by adjunction of a zero of p(x). In doing so, however, we pass from the notation
of congruences back to equations, by introducing a symbol by means of which we represent

*) Math. Ann. 43, p. 521.

) Only division by zero is to be excluded.

) 1 was stimulated to undertake these general investigations in particular by Hensel’s Theorie der algebraischen
Zahlen (Leipzig, 1908), in which the field of p-adic numbers forms the starting point, a field which is to be
counted neither among the function fields nor among the number fields in the ordinary sense of the word.
") Exerc. d’anal. et de phys. math. 4 (1847), p. 87.

) With Kronecker it is always only a matter of problems which require finite extensions.

! In modern terms: isomorphism type.— Trans.
2 German: Modulsystem. In modern terms, roughly: ideal of a polynomial ring. — Trans.
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all elements of the extension field and which itself becomes a zero of ¢(z). The further
investigations build synthetically on this first result. The method followed here may count as
just as purely arithmetical as the method of congruences, to which the transition is of course
always possible and, even if at times inconvenient, yet cannot possibly be missed.

In the area of finite extensions, one fact especially deserves emphasis: Galois theory,
as we find it for the algebraic number fields, does not hold for all fields in its full extent.
For a large part of that theory rests on the theorem that every equation with vanishing
discriminant (multiple zeros) must be reducible. But precisely this theorem does not hold
generally. This gives us occasion to divide the fields into perfect and imperfect ones. ™ All
fields of characteristic 0 belong to the former; of the fields of characteristic p, only those
within which the extraction of the p-th root is possible without exception do so. I have gone
somewhat further into the properties of the imperfect fields — whose laws deviate in part from
the ordinary Galois theory — than would have been absolutely necessary for the continuing
investigation. The fields with only finitely many elements further required special treatment.
Although in them, as in all other perfect fields, the theorems of Galois theory hold without
restriction”, the proof must nevertheless in part be conducted differently.

Under the title “a fundamental theorem of general arithmetic” Kronecker has published
in this Journal® an essay” ) which is concerned with the determination of a prime modular
system? for which a given integral function® of one variable can be represented as a product of
linear factors. That the existence of such a prime modular system is of fundamental significance
for general arithmetic is beyond question; the reference to the fundamental theorem of algebra,
by which Kronecker justifies the designation of his theorem as a fundamental theorem, appears,
however, not entirely apt. The fundamental theorem of algebra gives more; its counterpart,
in the area of general arithmetic, would be the proof of a prime modular system for which
every function of the domain of rationality under consideration breaks up into linear factors.
The treatment of this problem lay outside the circle of Kronecker’s investigations insofar as
its settlement requires the introduction of infinitely many indeterminates. If we translate
the problem into our mode of expression, then it is a matter of extending a given field to an
algebraically closed one, i.e. one in which every integral function of one indeterminate breaks
up into linear factors. This task belongs to the area of infinite algebraic extensions; it is solved
in § 16 first for the case of a prime field of prime-number characteristic. The method used here
is also applicable in other cases, such as the natural domains of rationality®, the only ones
Kronecker considered; it requires no recourse to principles that would not be recognized by all
mathematicians. The situation is different for the proof that our task, provided one further
demands that the extension field contain no superfluous elements, has essentially” ) only one
solution. This proof cannot, e.g., be carried out even for the field of rational numbers without
use of the principle of choice. This principle also appears unavoidable if one wishes to carry

) This holds also, e.g., with regard to the questions settled by Weber for fields with infinitely many elements
but left open for finite fields; see the end of the cited work.”?

™) Vol. 100, p. 490. = Werke I, 1, p. 209.

") For the precise definition of this expression see § 5.

3 The Journal fiir die reine und angewandte Mathematik (“Crelle’s Journal”), in which the present paper first
appeared; so also below. — Trans.

4 German: Primmodulsystem. In modern terms, roughly: prime ideal of a polynomial ring. — Trans.

5 In modern terms: polynomial.— Trans.

6 German: natiirlicher Rationalititsbereich. — Trans.
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out the proof of the existence of an algebraically closed extension for every arbitrary field.
The well-ordering theorem of Zermelo, which rests on the principle of choice, is an essential
tool for this proof ). — Many mathematicians are still opposed to the principle of choice.
With the increasing recognition that there are questions in mathematics that cannot be decided
without this principle, resistance to it may well disappear more and more. On the other hand,
it appears expedient, in the interest of the purity of the method, to avoid that principle so far
as the nature of the question does not require its application. I have endeavoured to let this
boundary stand out sharply.

This applies also to the discussions of the last part, which deals with the transcendental
extensions. Among these the purely transcendental ones appear as the simplest. A purely
transcendental extension amounts essentially to the adjunction of indeterminates, which may
form a finite or also an infinite set of arbitrary power”. The well-ordering theorem leads at
once to the recognition that every extension can be decomposed into a purely transcendental
and an algebraic one.

From here we can easily characterize the position that the fields considered by Kronecker
occupy within the totality of fields. For Kronecker the concept of field develops in three
stages’ ). The starting point is the “absolute domain of rationality”®, that is, the field of
rational numbers, thus a particular prime field. From it one arrives, by adjunction of a finite
number of indeterminates — thus by a special purely transcendental extension — at the
“natural domain of rationality”; from this, finally, by adjunction of an algebraic quantity,
i.e. by a special algebraic extension, one arrives at the “domain of genus”®. — If instead
one starts from an arbitrary prime field and carries out an arbitrary purely transcendental
extension, followed by an arbitrary algebraic extension, then one thereby has a procedure by
which one can reach every field.

The present essay treats only the basic features of a general theory of fields. I intend to
let further-reaching investigations, as well as applications to geometry, number theory and
function theory, follow in some further treatises. ™"

Summary of contents: 1. Foundations (§§ 1—=6.); II. Algebraic extensions (§§ 7—15.);
III. Infinite algebraic extensions (§§ 16—21.); IV. Transcendental extensions (§§ 22—24.). —
(Detailed table of contents at the beginning of the work.)

§1.

Systems with double composition. Isomorphism. Fields.

If & denotes a system of elements, then by a law of composition of the system & we
understand any stipulation that assigns to every pair a, b of elements of this system — which
may also be equal — an element ¢ of the same system. — By a system with double composition
we understand one for which two laws of composition are given, which we call addition and
multiplication. Addition assigns to any two elements a, b their sum a + b, multiplication their
product a - b.

") The first application of the well-ordering theorem to an arithmetical problem is found, to my knowledge, in
Hamel, Mathem. Ann. 60, p. 459.
) Festschrift zu Kummers Doktorjubilaum § 1—3. This Journal. Vol. 92, p. 1. = Werke II, p. 237.

7 In modern terms: cardinality.— Trans.
8 German: absoluter Rationalititsbereich. — Trans.
% German: Gattungsbereich. — Trans.
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Isomorphism. Two systems &1, G2 with double composition are called isomorphic or of the
same (composition) type if it is possible to relate their elements to one another one-to-one in
such a way that the sum and the product of any two elements of one system always correspond,
in the other, to the sum and the product of the corresponding elements; the correspondence
itself is called an isomorphic one or isomorphism. " ”

Fields. — So far we have subjected the two laws of composition to no further condition
than that of single-valuedness. If we introduce further conditions, we arrive at particular
kinds of systems with double composition. Among these, of particular importance are the
domains of rationality (Kronecker) or fields (Dedekind), systems which satisfy the following 7
conditions:

1. The associative law of addition:

(a+b)+c=a+ (b+c),

2. the commutative law of addition: ™"

a+b=>b+a,
3. the associative law of multiplication:
(a-b)-c=a-(b-c),
4. the commutative law of multiplication:
a-b=">b-a,

5. the distributive law:
a(b+ c) = ab+ ac,

6. the law of unrestricted and unique subtraction:

If a,b are elements of the system, then there is in it one and only one element x for which
a+ x =b holds. — Let this element be denoted by b — a and called the difference of a and b,
so that in general a + (b — a) = b holds.

Before we set up the seventh and last condition, we draw some simple consequences
from the preceding ones. Let a,b be any two elements of our system. If we put a — a = x,
b — b =y, then by 6. the equations: a + x = a, b = b+ y hold, and if we add these, applying
1. and 2. gives (a +b) +x = (a +b) + y, and from this, by 6., z = y, or a —a = b — b.
There is thus a distinguished element — we call it zero (0) —, which is represented by every
difference of the form a — a. — If a,b again denote arbitrary elements of the system, then
a-b=ab+0)=a-b+a-0,hencea-0=a-b—a-b=0,1ie.: aproduct in which one factor
is 0 is itself 0. — We now give the last condition:

7. the law of unrestricted and unique division:

The system contains besides 0 at least one more element, and if a is an element different
from 0, b an arbitrary element of the system, then there is in it one and only one element x
for which a -z = b holds." " — We call = the quotient of b and a, in symbols x = g or =b:a.

If all 7 conditions are satisfied, the system is called a field. Examples of fields are the
systems of the rational, of the real, of the complex numbers etc. The significance of the
stated conditions rests on the fact that all laws prevailing in the named fields, so far as they
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are expressible by equations between aggregates'® that are composed rationally from their
elements, appear as consequences of those conditions and are therefore found again in all
fields. Without carrying this out in all details, we nevertheless wish to emphasize here some
of the essential points: If a, b are two elements of a field K that are different from 0, then by 7.
a- b is different from a-0 = 0, i.e. a product is equal to 0 only if at least one factorvanishes. —
If a and b are different from 0 and we determine x and y by the conditions a-x =a, b-y = b,
then it follows that (ab)x = b(ax) = ba = (by)a = (ab)y, (ab)x = (ab)y, consequently by 7.
x = y. If we therefore denote the solution of the equation ax = a by ¢, then ¢ is the only
element of R with the property that multiplying it by any element of R leaves that element
unchanged, and it is represented by every quotient of the form ¢ (a # 0). This distinguished
element we call the unity; we shall always denote it by ¢ %.

The fundamental theorems of the theory of determinants are also among the theorems
whose proof can be carried out solely on the basis of the stated 7 conditions. In particular,
the following holds for every field &:

1) n linear equations in n unknowns

n
Zaikl‘kzciv (Z:]-)an)
k=1

in which the coefficients a;, ¢; are given elements from K, have, if the determinant |a;| is not
0, one and only one system of solutions in K.
2) n homogeneous linear equations in n + 1 unknowns

n
Zaikaikzo (t=1,...,n)
k=0

have at least one system of solutions whose elements are not all™? 0.

Finally, let us point out right here that there are also fields that have only a finite number
of elements. Thus the p residue classes that belong to a prime number p as modulus form
a system with double composition that satisfies all 7 conditions and is thus a field in our

sense. 10

§2.

Subfields, extension, adjunction.

A subsystem &' of a field & can, by virtue of the laws of composition prevailing in &, again
represent a field. Obviously it is necessary and sufficient for this that, if & and 8 are elements
of &, then a + 3, a — 3, - 8 and, in case 3 # 0, % also belong to &/. We then say: the
field & comprises the field &, &' is contained in K, and call & a subfield of R, & an extension
field or extension of 8. As a rule we shall count a field itself among its sub- and extension
fields; where this is not the case, it will be apparent from the mode of expression (“actual
extension”!!, “proper subfield”, “only a subfield”) or from the context. — One now convinces

oneself at once of the validity of the following theorem:

10 In modern terms: ezpression. — Trans.
1 Tn modern terms: proper extension.— Trans.
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1. If & denotes a system of finitely or infinitely many subfields of a field K, then
there are in R elements (e.g. 0,¢) that occur in all fields of the system &. The totality of
these elements again represents a field. "'’

We shall call this field the intersection of the system of fields 6. — Alongside Theorem 1.
there stands a second, no less important one:

2. If l denotes a system of finitely or infinitely many fields of such a nature that any
two fields R1, Ko from i are always contained in at least one field K3 of the system A, then
there is a definite (not necessarily occurring in ) field K that has all fields of the system Ll as
subfields and contains no other elements than those that occur in fields of 1.7 1*

Proof: Let R denote the system of all elements that occur in fields of the system 4. If
one has elements from R in finite number ay, ag,...,a, and if &; (¢ =1,...,n) is a field from
i that contains a;, then there is in 4 a field &5 that contains £; and Ko, a field K5 that
contains &), and K3, etc. There are thus in {l fields that contain all fields &; (i = 1,...,n)
and therewith all elements a;. If now a,b are any two elements from 8, and & is any field
from U that contains a and b, then a + b and a - b have a definite meaning in K. If & is any
other field belonging to 4 and containing a and b, then a 4+ b and a - b also have a definite
meaning in this one. But that a + b and a - b can denote nothing different in £” than in & is
a consequence of the hypothesis that there is a field which contains & and &”. Thus sum and
product of two elements from K are unambiguously defined, i.e. K is a system with double
composition. ¥ From the circumstance that any two elements from £ occur simultaneously
in fields from 44, it now follows that the laws of composition 2. and 4. of § 1 hold, further,
that at least one element x1, and if a # 0, at least one element x5 occurs in K for which
a+x1 =0, a-xo=>bholds. Since also three elements from K occur in one field from i1, it
follows that the laws of composition 1., 3. and 5. are also satisfied. Since finally the same
holds also for 4 elements a, b, x,y from K, the equations a +x = b, a +y = b and, if a # 0,
also the equations a -z = b, a -y = b can hold only if z = y. The system R is therefore a field,
and it is immediately evident that K& contains all fields from 4 and has only such elements as
occur in the fields from 4; but equally also that a field that has these two properties must
necessarily be identical with K.

If the field K is contained in the field £, & any system of elements from £, then we denote
by &(6) the intersection of all those fields between™) £ and £ that contain all elements of the
system &. Of the field (&) we say that it has arisen from & by adjunction of the system &.
R(6) can be equal to £, and is, e.g., equal to £ when & = £. But K(&) can also be equal to
£; this case occurs” " when all elements of & belong to £. If from a field £ a second one
arises by adjunction of a system &1, from this a third by adjunction of a system Ss, etc., then,
if 61,69,...,6,, have been adjoined one after another, we denote the field obtained last by
R(61,69,...,6,). As one easily sees, the order of the systems & does not matter for the final
result. © % — Let the field &(&) arise from a field & by adjunction of a system & of infinitely
many elements. Let us denote by 4 the system of those fields that arise from K by adjunction
of a finite subsystem of & in each case. Then all fields from il are contained in R(S). If
K1, R are any two fields from 4, then one has R = K(61), K2 = R(S32), where &1, S, are
finite subsystems of &. If &3 denotes that subsystem of & that contains all elements from &1
and Gy, but no other element, then &3 is also finite; the field K3 = K(S3), which contains £

) A field lies “between” £ and £ if it contains & and is contained in £.
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and Ko, therefore also belongs to 4. Thus the system 4 satisfies the hypothesis of Theorem 2.;
a definite field £ therefore exists that contains all fields of the system i, consequently also &
and all elements from &, thus also R(6), but that also contains only such elements as occur
in fields of the system 4l. But since all these elements already occur in K(&), the field in
question is identical with £(&). We therefore obtain the theorem:

3. If & is an infinite system, then every element of the field R(S) — likewise
every system of finitely many elements from K(&) — occurs in a field that arises from K by
adjunction of a finite subsystem of &.

§3.
Domains of integrity.
Here, by a domain of integrity™'® we shall understand a system with double composition
that satisfies conditions 1. to 6. of § 1, does not consist only of the single element 0, has a
unity, and in which the product of two elements different from 0 is always again different
from 0. By unity we here understand an element ¢ for which the equation ze = x holds for all
elements of the system; one sees at once that not more than one unity can exist. !’

Every field is at the same time a domain of integrity, while the system of integers proves
that not every domain of integrity is a field. — The considerations made in § 2 about fields
can without further ado be extended to domains of integrity. A subsystem J' of a domain
of integrity J represents a domain of integrity if it contains the unity, and if sum, difference,
product of two elements from J’ always again belong to J’. As one sees at once, Theorems
1. and 2. of § 2 hold for domains of integrity as well; we need only replace, throughout, the
word (sub)field by (sub)domain of integrity. We denote adjunction in the case of domains of
integrity by square brackets, so that J[&] represents a domain of integrity J that comprises
the domain of integrity J and the system of elements &, and is so constituted that & is not
already contained in a domain of integrity other than J lying between J and J = J[&]. If J is
a field, then accordingly one must distinguish between J[G] and J(&). — Now, as is at once
evident, Theorem 3. of § 2, too, can be extended to domains of integrity.

If @ and b are elements of a domain of integrity J, then we say: b is divisible by a, a
goes into b, is a divisor of b etc., if there is in J an element x for which the equation ax = b
is satisfied. If b and c are divisible by a, then the same holds for b+ ¢, b — ¢ and for b - d,
if d is an arbitrary element from J. The concept of divisibility is, however, a relative one,
dependent on the domain of integrity considered; if the element b is not divisible by a in J, it
can nevertheless become divisible by a in an extended domain. ™ '

Formation of quotients: — Let a domain of integrity J be contained in a field £. If we let
single letters denote elements from J, then, by the laws valid for every field, the following
holds in £:

. . / !

1) if one of the equations a = &, % = a, ab’ = a’ holds, then the other two also
hOld, E19
.
2) from ¢ = % it follows that ab’ = a'b, and conversely,
/ / / / /

3 45 =it gy~ g
4) a_ad _ ab—ab a.d _ ab

b 2 by b b T a'b’

Here it is of course presupposed that the denominators are different from 0, while otherwise
the letters denote arbitrary elements from J. From 3) and 4) we see that those elements of
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£ that are represented as quotients of elements from J form a field K, and from 1) — since
it gives ¢ = a — that & comprises the domain of integrity J. We say: K arises from J by
formation of quotients. Such a field must therefore exist as soon as J can be contained in
a field £ at all. To test this possibility, we therefore need only investigate whether it is
permissible to define, for the expressions of the form ¢, the concepts equality, sum, product by
1), 2), 3), and whether this yields a field containing J. That this is in fact the case for every
domain of mtegnty J follows easily. If we test, e.g., the definition of equality, then from the
assumption § = %, ‘l’;, b,, the equations ab’ = a’b, a’b” = a”V/ result by 2); from these, by
the laws valid in J, multiplication gives ab'a’t” = a’ba”V’, hence, since b’ # 0, ab”a’ = a”ba’
and, if a’ # 0, ab” = a”’b. But if o’ = 0, then it follows from ab’ = a'b, a’b" = a"V', b # 0,
b # 0, that a = 0, a” = 0, and consequently again ab” = a”b. In every case it thus follows
from ¢ = Z—//, ‘g—,/ = ‘g—,//l that also 7 = ‘g—,/,/; and the corresponding result also holds by 1) if,
instead of 3 quotients we consider, say, only two and a single element from J, etc. Further, it
follows from § = §; by 2) that conversely ‘g—,/ = 7. Finally, by 2) always § = ¢. As regards the
definitions of sum and product, we must prove that they are single-valued, i.e. that the result
does not change if we replace a summand or factor by one equal to it. Once this is done, it is
proved that a system with double composition is present, and it remains to be shown that all
7 conditions stated in § 1 are satisfied. By 1) the field then contains the domain of integrity
J. — All these investigations are settled in a manner similar to the proof of the legitimacy
of the definition of equality given by 1), 2), so it is unnecessary to go into the details of the
argument more closely.

The field R that arises from J by formation of quotients is, of course, identical with J
when J is a field. This case always occurs when J contains only finitely many elements, say
m of them."?" For if a(# 0) and b are then elements of J, then, as 2 runs through all m
elements of J, so does ax, which therefore becomes equal to b at some point, i.e. condition 7
of § 1 is satisfied, and J is a field. — From isomorphic domains of integrity there arise by

formation of quotients, as is at once evident, isomorphic fields.

§4.

Prime fields. Characteristic.

To gain insight into the various possible field types,”?! we must first aim at forming the
simplest fields, and then investigate how new fields can be derived by extension from fields
already given. The first task leads to the concept of the prime field. By this we understand a
field that has no subfield besides itself. The following theorem holds:

1. In every field 8 one and only one prime field is contained.

For let 4 denote the system of all subfields of &, ¥ their intersection. P is itself a field
belonging to U, and if P’ is a subfield of B, then P’ likewise belongs to U, must therefore
contain P, hence be identical with 3. Thus ‘B is a prime field. If on the other hand ¥ is a
subfield of K, then ‘B is a subfield of T; if therefore ¥ is to be a prime field, then ¥ must be
identical with ‘P.

In the same way we define as a prime domain of integrity one that contains no domain of
integrity besides itself. The intersection of all domains of integrity contained in a domain of
integrity J represents the only prime domain of integrity contained in J.

10
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Now let R be a system that we shall at first presuppose only to be a domain of integrity,
and « an element of K. We put

a=la, at+a=2a, 20+a=3a, ...,

where 1,2, 3, ... are to be regarded as abbreviating signs, not, however, as elements of K. The
elements «a, 2, 3a, . . . are called the natural multiples of «. If further —n denotes a negative
integer, we put

—(na) = (—n)a.
This defines the element ma for every integer m. The elements ma are called the integral
multiples of . For a = ¢, if m, m’ denote integers, the equations

(1.) me +m'e = (m+m')e, me —m'e = (m —m)e, (me)- (m'e) = (mm)e,

result at once, from which it follows that the integral multiples of € form a domain of integrity
J. Since every domain of integrity contained in K contains the unity €, and hence also the
integral multiples of &, J represents the prime domain of integrity contained in &. If R is a
field and 3 the prime field contained in &, then P contains all elements of J, hence also all
quotients of elements of J. But since these already form a field, the prime field % is exhausted
by them.

Two cases are now conceivable: Fither the integral multiples of € are all different from one
another, i.e. me = m’e only if m = m/, or that equation can also hold without the latter. In
the first case there is a one-to-one correspondence between Jj and the system of integers, which
by (1.) proves to be isomorphic. If R is a field, then it follows further from this that the prime
field B contained in K is isomorphic to the field of rational numbers. In the second case there
are natural multiples of ¢ that are equal to 0. If p is the smallest natural number for which
p - =0 holds, and if m, m’ are natural numbers < p, then it follows from me # 0, m’e # 0
that (mm')e = (me) - (m’e) # 0 = pe, hence mm’ # p. p is therefore not the product of any
two smaller numbers, consequently a prime number. We call p the characteristic of K, while
in the case discussed first we ascribe to £ the characteristic 0. Every domain of integrity
accordingly has a characteristic, which is either 0 or a prime number. If the characteristic is a
prime number p, then it follows further that me = m/e holds if and only if m = m’ (mod. p).
This shows, in connection with the equations (1.), that here the prime domain of integrity J
is isomorphic to the system of residue classes of the prime number p, and since this system is
already a field, here J = 3. 7% Thus we obtain:

2. The only prime fields that exist are the fields of the type of the field of rational
numbers (which we shall henceforth denote by Po) and those of the type of the system of
residue classes of a prime number p (henceforth denoted by B, ).

From the preceding it follows further:
3. All subfields of a field & have the same characteristic as 8.7

If v is any element of a field K, m an integer, then ma = (me) - «; if therefore o # 0, then
ma is = 0 only if me = 0. Therefore:

4.  An integral multiple ma. of an element o different from 0 in the field & is = 0 if
and only if either m = 0 or the characteristic of R is a prime number and m is divisible by
this prime number.

Of course these theorems also hold for domains of integrity.

11
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§5.

Equivalent extensions. Simple extensions. Transcendental and algebraic elements.
Adjunction of a transcendental element. Integral and rational functions.

If £ and £ are extension fields of a field &, then we say: £ and £’ represent equivalent
extensions””” of &, if £ and £ can be mapped isomorphically onto one another in such a
way that every element of £ corresponds to itself. — The equivalence of two extensions £, £/
therefore presupposes the isomorphism; but non-equivalent extensions of a field can very well
also yield isomorphic fields. *?° — If we are faced with the problem of extending a field so
that the newly arisen field satisfies certain conditions, and it turns out that all extensions
that satisfy the conditions set are equivalent, then we say that the extension problem has
essentially only one solution. In this sense, e.g., the problem of extending the field R of real
numbers so that every element of the new field satisfies an algebraic equation in R, but not
every one is already contained in R, is essentially solvable in only one way.

The simplest extensions of a field K that present themselves are those that arise from K by
adjunction of a single element. We call them simple extensions, and if £ is such an extension,
we call every element « of £ for which K(«) = £ holds a primitive element of £ with respect
to R. — Let the field &(x) arise from £ by adjunction of an element x. Between K and &(z)
lies the domain of integrity R[x] (§ 3). It contains all elements of the form

co+az+ x4+ + e,

in which the coefficients ¢ are arbitrary elements from K. For a more convenient representation
we think of these elements from K[z] as written in the form of infinite series

(1.) ek

where of course it is always presupposed that from a definite index k£ on all coefficients are
equal to 0. Then the equations hold:

@) {Eakxk + Yhpat = Y(ag + bk)xk,

(Eakxk) . (Ebkack) = Yepa”, (ck = aobg + a1bg—1 + -+ + agbo),

(3.) Yapz® — Shpa = Y(ag — bk)z‘k7

from which it follows that the elements of the form (1.) reproduce themselves under addition,
subtraction, and multiplication. Since all elements from K, thus in particular also €, are
contained among the elements of the form (1.), these elements form a domain of integrity
comprising K, and since it also contains z, this domain must be identical with 8]z]. The field
£R(z) contains the domain of integrity R[x], hence also a definite field £ that arises from K[z]
by formation of quotients (§ 3). But since £ comprises both 8 and z, K(x) is identical with £.

As in the formation of the simplest fields, so also in the formation of the simplest extensions
we have to distinguish two cases. The first corresponds to the assumption that two elements
Yapz®, Ybpa? from K[z] are always equal to one another only if for every k ax = by holds,
the second to the contrary one. In the first case we call the element z transcendental, in
the second algebraic with respect to K, and at this point we wish to introduce some further

12
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designations that will be important for what follows: If £ is an arbitrary extension field of
R, then n elements ayq, ..., a, of £ are called linearly dependent or linearly independent with
respect to K, according as a linear homogeneous relation

a1041+"'+anan:07

in which the coefficients a are elements from R and not all equal to 0, exists or does not exist.

The elements aq, ..., a, need not all be different from one another, but it is clear that, if
equal ones occur among them, they are always linearly dependent. We remark further that
the elements ay, ..., a, are linearly dependent if already a part of them is linearly dependent,

and on the basis of this we arrive at an extension of our definition to systems of infinitely
many elements. We call a system & of infinitely many elements from £ linearly dependent or
independent with respect to K, according as a finite subsystem of & that is linearly dependent
with respect to 8 exists or does not exist. The distinction made above between (relatively)
transcendental and algebraic elements can now also be formulated thus: The element x is
transcendental or algebraic with respect to R according as its powers

are linearly independent or dependent with respect to K."7"
We first consider the adjunction of a transcendental element, which alone is to be treated
in the present section. Here we have:

1. FEwvery field R can be extended by adjunction of a transcendental element x.

For if we form by means of the elements of £ all expressions of the form (1.), if we determine
that two such expressions Ya,z*, Lb,a* shall count as equal only if for every k aj = by holds,
and if we lay down the equations (2.) as definitions for addition and multiplication, then we
have created a system with double composition comprising K which, as direct computation
shows at once, satisfies conditions 1.—6. of § 1. If further o = Yayz* and § = Sbpa* are two
elements of this system that are different from 0, a,, b, the last coefficients different from 0,
then in the product a - = Yegaz® the coefficient ¢yin = am - by # 0, hence o - B # 0. Since
the system also contains a unity, it represents a domain of integrity J, and since all elements
of J are formed from  and the elements of £ by addition and multiplication, J = &[z]."**
But from J, as from every domain of integrity, we obtain a field by formation of quotients,
the field R(x).

2. All extensions of a field that arise by adjunction of a transcendental element are
equivalent.

For if R(x), R(y) are two such extensions, and if we assign to every element of £(z), which
we think of as represented in the form of a quotient of two elements of the form (1.), that
element of K(y) that we obtain by replacing x by y, then it is easy to see that we have an
isomorphic correspondence between K(x) and £(y) under which every element of K corresponds
to itself.

We also call the elements of the field R(x) rational, and those of the domain of integrity
R[x] integral functions of the transcendental or indeterminate x in the field K, and for their
designation we use, in the customary manner, the function signs f(x), g(z), etc. An integral
function

f(x) =co+crz+--+cpa”

13
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is said to be of degree n if ¢, # 0, so that the integral functions of degree 0 are represented by
the elements from K that are different from 0. To the element 0 we ascribe no degree; but if it
is stated of an integral function that its degree lies below a certain bound, then the case in
which the function is equal to 0 shall always be included.

If f(z) and g(x) are integral functions of the indeterminate x in the field K and if g(z) # 0,
n the degree of g(x), then by the known division procedure in the field 8 we can determine
two integral functions ¢(z) and r(z) such that firstly

(4.) f(x) = q(z) - g(z) + r(x)

and secondly the degree of r(x) < n. The functions ¢(x) and r(z) are uniquely determined
by the two requirements. The equation r(x) = 0 states that f(z) is divisible by g(x). It can
also be that each of the functions f(z), g(z) is divisible by the other; then they differ only
by a factor of degree 0, which is therefore an element from K. Two such functions are to be
regarded as essentially equal in all questions concerning divisibility. That it is immaterial
for these questions (in contrast to those of irreducibility treated later) in which field R the
functions are considered rests on the unique determinacy of the functions ¢(z), r(x) occurring
in (4.); the field must only be one to which the coefficients of the functions belong as elements,
while x is transcendental with respect to it. — This holds also for the question of the greatest
common divisor t(z) of two integral functions f(z), g(x), into which every common divisor of
f(z) and g(x) goes. t(z) is equal to 0 if f(x) =0, g(z) = 0, otherwise different from 0 and
determined only up to a factor of degree 0. In order to fix ¢(z) uniquely, we stipulate that the
coefficient of the highest power of x shall be equal to the unity, and we denote the greatest
common divisor ¢(z) of f(x) and g(x) so determined by

(f (@), 9(x)).

Euler’s procedure ”?” 12 teaches how to find ¢(x) and to represent it in the form

(5.) t(z) = f(2) - g1(z) + g(x) - fi(x)

The integral functions fi(x), g1(x) occurring here are uniquely determined if it is required
that their degrees shall be smaller than the degrees of f(z) and g(x) respectively; like ¢(z)
they belong to every field to which the functions f(z),g(x) belong. The equation

(f(x),9(x)) =€
expresses that f(x) and g(z) are relatively prime.
Starting from Fuler’s algorithm, we go on, in a known manner, to the theorems
3. If f(x) is relatively prime to g(x), f(x)-h(x) divisible by g(x), then h(x) is divisible
by g(x). "
4. If f(x) and h(zx) are relatively prime to g(x), then f(x) - h(z) is also relatively
prime to g(x). "

Let the field 8 be extended to K(x) by adjunction of a transcendental element x. Every
element £ of R(x) can then be represented in infinitely many ways as a quotient of two elements

12 Tn modern terms: Euclidean algorithm.— Trans.

14



Steinitz, Algebraic Theory of Fields §5

f(z),g(x) of K[z]. By cancelling with the greatest common divisor we can bring it about
that numerator and denominator are relatively prime; then by multiplication of numerator
and denominator by an element from R it can be brought about that in the denominator the
coefficient of the highest power becomes equal to €. Thus we obtain a “reduced” representation
of £, and there is only one such. For if we assume two reduced representations of &

fx) _ fz)

S0 k)

then it follows that
f(@) - g1(x) = fi(z) - g(x),

and from this, because g(x) is relatively prime to f(x) but goes into the product f(z) - g1(x),
that g(z) must go into g;(z). Likewise g1 (x) must go into g(z), and since both functions have
¢ as the coefficient of the highest power, it follows that g(z) = ¢1(z), f(z)-g(z) = fi(x)-g(x),
and hence also f(z) = fi(x). — Let { = % again denote the reduced representation of the
element £ from K(x). Let us assume that £ is algebraic with respect to K. Then a relation of
the form

(6.) cotaé+-+e" =0,

holds, in which the coefficients ¢ belong to the field K and ¢, # 0 may be assumed. But we
may, provided & # 0, also assume co # 0. For if ¢, is the first coefficient different from 0, then
it follows from (6.) that

Cutcppi§+-+ MM =0,

in which again the term free of £ is different from 0. If we therefore assume right away cqg # 0,
then we obtain from (6.), after multiplication by (g(z))"™, an equation to which we can give

the forms
g(@)[co(g(x)™ 4+ o1 (f(2)" ] = —ea(f(2))",
—co(g(x))" = f(x)[er(g(x)" ™ + -+ enl(f )]

from which it is evident that (f(z))™ is divisible by g(x), (g(x))™ by f(z). But since f(x) and
g(x) are relatively prime, this is possible, by 4., only if f(x) and g(x) are of degree 0, hence &
is an element of the field K. Thus the theorem holds:

5. In the field R(x) that arises from R by adjunction of a transcendental element z,
all elements except those of R itself are transcendental with respect to K.

This theorem, which finds its counterpart in Theorem 3 of § 6, shows that the extensions
that are obtained by the adjunction of a transcendental element are thoroughly different from
those that the adjunction of an algebraic element yields.

In the field R(z) that arises from K& by adjunction of the transcendental element z, all
elements are rational functions of x or of course also of any other primitive element, while on
the other hand the distinction of the elements of K(x) as integral and fractional refers to a
definite element x. A concept independent of the choice of the primitive element is (as is still
to be shown) the degree of a rational function R(z). If R(z) = % is the representation of
R(z) in reduced form, and if m and n are the degrees of f(z) and g(z), then the larger of
the numbers m and n, and if both are equal, the number m = n, is called the degree of the
rational function R(x). We prove:
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6. A rational function of degree n of a rational function of degree v (n > 0,v > 0) is
a function of degree n - v.

Let

(7) Ry = L8 p(yy = 20

g(x)’ Y(x)

be rational functions of x in the field £ in reduced representation, n and v their degrees,

(8) {f(-%'):CLO.’I,'n+—|—an, g(x):boﬂﬁn—i-—i—bn,

p(x) = apr” 4+ -+ ay, Y(x) = for” + -+ bu.
Then neither the elements ag, by, nor the elements «y, By can vanish simultaneously. Since f(x)

and g(x) are relatively prime, we can determine two integral functions fi(x), gi(x), whose
degrees are < n, such that

(9.) f@)-gi(z) +g(z) - fr(z) =€
holds. If we put

(10.) v = apaf +araf Bo+ -+ anBy, 8 =Dboag +biaf  Bo+ -+ buY,

v=r () m s=9(5) 80,

v (52) +05 (52) = 8 #0,
Bo Bo
and therefore v and § cannot both be 0. But the same is also the case if 5y = 0. For then
ag # 0, v = apoy, 6 = bpafy, from which, because ag and by do not vanish simultaneously, the
assertion follows. Now, however, v and J represent the coefficients of the n - v-th power of x
in the integral functions

then in the case By # 0

hence by (9.)

(11.) {O-('r) = a04p"+algpn71¢+ C 4 ap,

7(x) = bo™ + br" M+ - - - + by

(where ¢ and 1 are written for p(x) and v (x)). Of the functions o(x) and 7(z), neither of
which, as is evident from (11.) and (8.), exceeds the degree n - v, at least one must therefore
attain this degree. By (8.)

(12, o) = £ (2) v, rla) =g (2) v
hence because of (7.)

(13.) R(P(z)) = 22,
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From (12.), (9.) there follows

(14) dm-m(i)W%l+ﬂm-ﬁ(j)W%1:w%*,

and in this g1 (%) Y"1 and fi (%) Y"1 are integral functions of x. If we put, applying the
notation for the greatest common divisor introduced above,

(15.) (o(z),7(x)) = t(z),

(16.) (t(x), ¥(x)) = u(z),

then u(z) goes into o(z), 7(z), ¥ (z), hence by (11.) also into ¢™. But since ¢(z) and ¥ (x)
are relatively prime, u(x) = € must hold. Consequently ¢(x) is relatively prime to ¥ (zx), hence
also to ?"~1. But from (15.), (14.) it follows that t(z) goes into ¥?"~ 1. Accordingly t(z) = ¢
must hold, i.e. the functions o(z),7(x) are relatively prime, and since at least one of them
has the degree n - v, but none a higher degree, by (13.) the degree of the rational function
R(P(x)) is equal to n - v, q.e.d.

In the preceding proof we used the theorem that equations that hold between rational
functions of a transcendental x in a field & remain correct if for z we substitute any element of
the field K, or also of any extension field of K, provided only that this substitution introduces
no vanishing denominators. This theorem is an immediate consequence of the fact that, in
defining equality, sum, and product for two rational functions of a transcendental element, we
made only such stipulations as hold, on the basis of the general properties of fields, for every
element z, whether it be transcendental or not.

If y is an element of the field £(z), then K(y) is a field between 8 and K(x). Every element
of R(y) has, considered as a rational function of = in &, a degree which by 6. is divisible by
the degree n of the element y. If y is to be a primitive element of &(z) with respect to £, thus
R(y) = R(x), then the degree of the element z, that is 1, must also be divisible by n, hence

n = 1. But this condition is also sufficient. For if y = % is of degree 1, then, as is easy to

see, ad — bc # 0,77 and z = _dgy:fa; x therefore belongs to the field R(y), and R(y) = R(x).
Therefore:

7. The primitive elements of the field £(x) are the rational functions of degree 1.7

If z is any element of the field 8(z) = K(y), which arises from & by adjunction of the
transcendental element x or y, then z can be represented as a rational function of z or y:

2= R(x) = Ru(y).
Since y, considered as a function of x, is of degree 1, by 6. the degree of R(x) in x is equal to
the degree of Ry(y) in y. Thus there results:

8. If the field £ can be obtained from R by adjunction of a transcendental element,
then every element of £ has a definite degree with respect to R, which is independent of the
choice of the primitive element.

We prove further the theorem:
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9. Ifn elements x1,x2,...,Ty are adjoined one after another to a field Ry, whereby
the fields
Ro(z1) = &1, Ri(z2) = Ra,..., KRu-i1(zn) = Ka
arise, and if every element xi(k = 1,...,n) is transcendental with respect to Ki_1, then every

element xy, is transcendental with respect to the field which arises from Ko by adjunction of
the remaining n — 1 elements.” 7

Proof: We show first that z; is transcendental with respect to the field Ro(x2). For if this
were not the case, there would be a relation

(17.) co+c1x1 + 02-%'% + - Feprt =0,

in which the coefficients ¢ are elements from £y(x2) and not all equal to 0. If we think of
the coefficients ¢ as written as quotients of elements from Ry[x2] and multiply (17.) by the
denominators, we obtain a relation of the same form (17.), in which the coefficients ¢ are now
elements from Ry[zs] and likewise not all equal to 0. Let, e.g.,

Ck = Cko + Ck1T2 + -+ - + Cppay F# 0;

then at least one of the coefficients cig, c1, - - ., Ckr, which are all elements from Ry, say cgg, is
different from 0. If now the left side of (17.) is ordered by powers of x2, we obtain

(18.) Co + Crp + Coad + - + Cys = 0,

where the coefficients C' are elements from £¢[x1], hence also from K(x1), and C; # 0, because

the coefficient of the power z¥ occurring in Cj is equal to ¢y # 0. But from (18.) it would

follow that 9 is algebraic with respect to Ko(z1) = K. Since this is contrary to the hypothesis,

x1 is transcendental with respect to £o(x2). — This proves Theorem 9. in the case n = 2. If
n > 2, we can proceed inductively. “?” The fields R2, 83, ..., &, arise from & by adjoining
one after another the n — 1 elements xg,z3,...,,. Since zx(k = 2) is transcendental with

respect to 8;_1, it is to be regarded as proved that every element z(k = 2) is transcendental
with respect to the field 8] which arises from £; by adjunction of the remaining elements of
the series x9, x3, ..., z,. This field &) is, however, identical with the field which is obtained
from Ry by adjunction of the elements z1,...,x, with the exception of ;. Accordingly it
remains only to show that x, too, is transcendental with respect to Ro(x2, x3,...,x,). If we
put Ko(z2) = K], then, as has already been shown, z; is transcendental with respect to &) .
But from K] we obtain the fields £9, f3, ..., R, by adjoining x1,x3, ..., x, one after another.
Since these are again only n — 1 elements, it follows that x; is transcendental with respect to
R (23,24, ...,2,), and since &) (x3, T4, ...,2Ty) = Ko(x2, 3, ...,2y,), the assertion is proved
for this case also.

Of the field K,, we say that it arises from Ry by adjunction of n transcendentals or
indeterminates x1, x9,...,x,, and we call the elements of &, rational, those of the domain
of integrity Rolz1,x2,...,zy] integral functions of these indeterminates. — By repeated
application of Theorem 2. it follows that in general two extensions £ and 91 of a field
R, each of which is derived from £ by adjunction of n transcendentals, are equivalent: If
£ = R(z1,...,2n), M = R(y1,...,Yn), then there is a definite isomorphic correspondence
between £ and 9t which assigns to the elements x1,...,x, the elements y1,...,y, and lets
every element of & correspond to itself. " *°
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§6.

Adjunction of an algebraic element.

If f(z) is an integral function of degree n in a field K, o an element from &, then dividing
by x — a gives

(1) f(x) = (z = a)g(x) + 1,

where ¢(x) is a function of degree n — 1 in & and r an element from K. From (1.), f(a) =1,
hence, if a is a zero of f(z), i.e. f(a) =0, we get the decomposition of f(z) into (x — ) - q(x),
from which it follows further that an integral function of degree n in a field cannot have more
than n zeros. — From the representation of the greatest common divisor ¢(z) of two integral
functions f(x), g(x) in § 5, (5.) it follows that every common zero of f(z) and g(z) must be
a zero of t(x), and that therefore relatively prime functions have no common zero.

Reducible and irreducible functions. — An integral function f(z) of degree n = 1 whose
coefficients belong to a field K is called reducible in R if there are two integral functions of
smaller degree in K whose product equals f(x); otherwise f(x) is called irreducible in R. If &
is a subfield of K and the coefficients of f(x) already belong to the field K, then it is clear
that the function f(z), if irreducible in &, must also be irreducible in &;; but f(z) can be
irreducible in &; and reducible in K. — Since a function ¢(z) irreducible in the field R is
relatively prime to every other function from 8 into which it does not go, it follows by § 5,
4. that the product of two integral functions f(z),g(x) from R is divisible by ¢(z) only if
at least one of the two functions f(x), g(x) is divisible by ¢(x). From this it follows, in the
familiar way, that every integral function f(x) from R can be decomposed into irreducible
factors in only one way. Here, of course, we disregard factors of degree zero™). 7

If o(z) is an integral function of the indeterminate x in the field &, n(= 1) its degree, and
if we call two elements g1 (x), g2(z) from R[x] congruent with respect to the modulus ¢(x)

91(z) = go(z)  mod. (),

if g1(z) — g2(z) is divisible by ¢(z), then all functions that are congruent to a given one are
also congruent to one another, and every function f(z) is congruent to a reduced function, i.e.
to a function whose degree is < n. From two congruences

g1(x) = ga(x), hi(x) = ha(z) mod. ()
there follow the congruences
g1(z) + hi(z) = g2(x) + ha(x), g1(x) - hi(z) = g2(x) - ho(x) mod. ¢p(x).

If we therefore combine congruent functions into a residue class, then two such classes
A, B uniquely determine two further ones C, D in such a way that, if g(x) is any element from
A and h(x) one from B, then g(x) + h(z) always belongs to C' and g(z) - h(z) to D. If we
therefore put
A+B=C, A-B=D,

then the residue classes form a system with double composition, and since the domain of
integrity R[x] satisfies conditions 1. to 6. of § 1, the same is easily inferred for the system of

) On the extension of these theorems to functions of several variables see Weber, Math. Ann. 43, p. 521 ff., § 3.
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residue classes. The zero class™*®, which may be denoted by 0, here comprises the functions

divisible by ¢(x). If ¢(z) is reducible, if

(2) g9(x) - h(z) = ¢(x)

represents a decomposition, and if A and B denote the residue classes to which g(x) and h(z)
respectively belong, then by (2.)

A#0, B#0, A-B=0.

If, on the other hand, we assume that ¢(x) is irreducible, then the product of two functions is
divisible by ¢(x) only if at least one factor is divisible by ¢(z), and therefore the product of
two residue classes equals 0 only if at least one factor equals 0. From this it follows further
that A # 0, AB = AC always give B = C. If finally A and B are two residue classes, if A # 0,
and if f(z), g(z) denote functions from A and B respectively, then f(x) is relatively prime to
¢(x); we can therefore determine two elements v (z), x(x) in R]z] such that

f(@) - (@) + o(z) - x(2) =&,

hence

(3.) f(@) - (P(x) - g(x)) = g(x)  mod. p(x)

holds. If C' denotes the residue class to which the function ¢ (z) - g(z) belongs, then by (3.)
A-C =B,

and thus the system of residue classes also satisfies condition 7. of § 1. We therefore obtain

the theorem:

1. The system of residue classes belonging to the integral function ¢(z) from K
represents a field if ¢(x) is irreducible in &." 77

Now let R(j) be a field which arises from & by adjunction of an algebraic element j. Then
the powers
£,4,5%, ... in inf.

are linearly dependent, and if n is the smallest number for which

E7j7j27 AR 7jn

are linearly dependent, then there holds between these powers a linear homogeneous relation
with coefficients from R, the last of which is different from 0 and hence, since one can divide
by it, may be assumed equal to €. The relation thus obtained

(4.) ap+arj+aji+-4an1j" 1 +5"=0

is uniquely determined. For if one had a second such one, one would obtain by subtraction a
linear homogeneous relation between the elements ¢, j, . .., 77!, which, however, are supposed
to be linearly independent. We now consider the domain of integrity £[j] contained in £(j)
(which subsequently proves to be identical with R(j)) and compare it with a domain of
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integrity R[z] which arises from R by adjunction of a transcendental element z. R[x] contains
the function

P(@) = 2" + ap1a™ L+ -+ ao,
which by (4.) has the zero j. If g(z), h(z) are elements from K[x] and if their degrees are

‘n—1

< n, then, since ¢, j,...,j are linearly independent, g(j) # 0, h(j) # 0, and hence

©(4) =0# g(j) - h(4)

and from this

p(x) # g(x) - h(z),
i.e. p(x) is not the product of two functions of smaller degree in K, hence irreducible in K.
By the theorems on irreducible functions stated above, ¢(x) is the only irreducible function
from K with j as a zero, apart from a factor from K, which, however, is also eliminated here
by the further requirement that the coefficient of the highest power shall be equal to €. We
also call the degree n of ¢(z) the degree of the element j with respect to K, in symbols:

n=/[j:8].

We now assign to every element f(x) from R[z]| the element f(j) from R[j]. If f(x) is of
degree 0, hence an element of &, then f(j) = f(z); the elements of &[j] that correspond to
the elements of K[z] comprise all elements of the form

co+erj+ -+ g

with arbitrary coefficients ¢ from K, and therefore exhaust the domain of integrity K[j]. But
infinitely many elements of K[z] correspond to every element of &[j]. For if fi(x), fo(x) are
any two elements from K[z], then we can write

() fi@) = fa(z) = q(@) - o(x) + r(2)

where ¢(z), r(x) are elements from R[z| and the degree of r(z) is < n. From this, however, it
follows that

H1G) = f205) + (),
and since r(j) can equal 0 only if r(z) = 0, that is, if by (5.) fi(z) = f2(z) mod. ¢(z), the
elements of a definite residue class mod. ¢(z) correspond to an element from K[j], and we
therefore have a one-to-one correspondence between these residue classes and K[j]. Since it
further always follows from

f(@) +g(z) = h(z), f(z)- g(z) = k(z)
that

fG) +9G) =nG), f()-9() =k3G)
the correspondence is isomorphic. Since ¢(z) is irreducible, it follows that the system of
residue classes is a field; therefore the isomorphic system K[j] must also be a field; consequently

R[j] = R(j). Since every residue class contains exactly one function whose degree is < n, in
the form

(6.) co+crj+ o+ 1"l

21



Steinitz, Algebraic Theory of Fields §7

with arbitrary elements of K taken for the coefficients ¢, every element of £(j) is represented
exactly once.

If R(j) is a second extension of K, and if j is a zero of the same irreducible function (),
then we have an isomorphic correspondence between £(j) and the system of residue classes
mod. p(z), and likewise between this system and £(j). These correspondences together yield
an isomorphism between £(j) and K(j) under which, as shown above, every element of &
corresponds to itself. Both extensions are therefore equivalent. — On the other hand, it is
easy to see that for every irreducible function ¢(z) from £ there actually exists an extension
£(j) in which j is a zero of ¢(z). For if £ denotes the residue class field belonging to ¢(x),
then there exists an isomorphic correspondence 7y between £ and a subfield £ of £, by which
to every element a of K the residue class represented by a is assigned. We now introduce
a system & of new elements, which we assign uniquely to the elements of £ not belonging
to 8.7V This assignment and 7 yield a map 7 between £ and the system £ = & + &. If
A, B,C, D are elements from £, a,b, c,d the corresponding ones from £, and if A+ B = C,
A - B = D, then, when a and b belong to R, a +b = ¢, a-b = d. If we decree that these
equations shall hold in the other case as well, then £ becomes a field isomorphic to £ that
represents an extension of K. If j is that element of £ that in the isomorphism 7 corresponds
to the residue class represented by x, then it follows at once from the definition of the addition
and multiplication of residue classes: An element g(x) from K[zx] represents a residue class to
which the element g(j) from £ is assigned by m. From this, however, it follows that ¢(j) =0
and that the field £ is exhausted by the elements of the form g¢(j), consequently £ = £&(j).
Therefore:

2. By every irreducible function p(x) from K one and — apart from equivalent
extensions — only one extension R(j) is determined in which j is a zero of p(x). !

If p(z) is of degree n and if 79,71, ..., are any n + 1 elements from £(j), then we can
represent these in the form

Yi=cio+cinf ot i1 (i=0,...n)

with coefficients from R. From the theorem on linear equations mentioned in § 1 it follows that

we can determine in & n + 1 elements by, .. ., b,, which are not all 0, such that > 7" ;b;v; =0
holds. n + 1 elements are therefore always linearly dependent. Since this holds also for the
powers €,7,72,...,7" of an arbitrary element of £(j), we have the theorem:

3. If the field £ arises from R by adjunction of an algebraic element j, then all
elements of £ are algebraic. If n is the degree of j, then every system of more than n elements
is linearly dependent.”””

§7.

Foundations of algebraic extensions.

Algebraic extensions; algebraically closed fields. — After the simplest extensions, the
primitive ones, have been investigated in §§ 5 and 6 and have led to a distinction of (relatively)
algebraic and transcendental elements, the algebraic extensions shall now first be considered
more closely. A field £ is called algebraic with respect to a subfield £ or an algebraic extension
of R if every element of £ is algebraic with respect to K. Every field £ contains elements that

22



Steinitz, Algebraic Theory of Fields §7

are algebraic with respect to a given subfield K. For it is clear that every element of R itself is
algebraic with respect to &, namely of degree 1. Likewise one sees at once that an element
of £ not belonging to R, if it is algebraic with respect to R, has degree > 1, and hence is a
zero of a function irreducible in K of degree higher than the first. If, therefore, an algebraic
extension £ of K is to exist, and specifically an actual one, i.e. one different from K, then it is
necessary for this, though by § 6, 2. also sufficient, that there exist irreducible functions in &
whose degree is > 1. If there are none, so that every integral function of higher degree breaks
up into linear factors, then the field R is not capable of any further algebraic extension and
shall therefore be called algebraically closed. The existence of such fields was first proved by
the fundamental theorem of algebra™*’, which states that the field of complex numbers is
algebraically closed.

Absolutely algebraic elements and fields. — If an element « of a field K is algebraic with
respect to a subfield &1, then it is of course also algebraic with respect to every field between
R1 and R. If therefore « is algebraic with respect to the prime field contained in K, then « is
algebraic with respect to every subfield. Such an element « shall therefore be called absolutely
algebraic. Likewise we call a field absolutely algebraic if it is already algebraic with respect to
its prime field or, what amounts to the same, if all its elements are absolutely algebraic.

Finite extensions. — If K is a subfield of £, then we say: £ is finite with respect to R and
of degree n — in symbols

[£: 8 =n

—, if one can specify in £ n elements linearly independent with respect to K, while every
system of more than n elements from £ is linearly dependent with respect to K.

1.  Ewvery finite extension of a field is algebraic.

For if [£: &] = n and « is an element of £, then the elements €, o, o2, ... o™ are linearly

dependent with respect to K, i.e. « is algebraic with respect to K. But there are also infinite
(non-finite) algebraic extensions, e.g. the extension of the field of rational numbers to the field
of all algebraic numbers. — One sees at once that every field £ is finite with respect to itself,
namely of degree 1, while every actual finite extension has a degree > 1.

Basis of a finite extension. — If the field £ is finite with respect to its subfield R,
[£: R] = n, if the elements aq, ..., from £ are linearly independent with respect to &, and
if 8 is any element from £, then there holds between a4, ..., and S a linear homogeneous
relation with coefficients from £; since the coefficient of 3 is different from 0", this relation
can be given the form

(1) 52610414-"'4-0”0[”

This representation is possible in only one way, because from two equations for § of this form
a linear homogeneous relation between ag, ... a, would follow by subtraction. — Let us now
on the other hand assume that aq, ..., are elements of any extension field £ of K. If we
then know that every element § of £ can be represented in at most one way in the form (1.),
then this holds also for § = 0, and the expression cjag + - - - + cpay, is therefore equal to 0 only
if all coefficients are 0. Therefore the extension £, if finite at all, is at least of degree n. If, on
the other hand, we know that every element S of £ can be represented in at least one way in
the form (1.), then we obtain for any n + 1 elements [o, 51, . . . B, representations of the form

ﬂizci1a1+~--+cman (izO,...n)

23



Steinitz, Algebraic Theory of Fields §7

and can therefore, by the theorem on linear homogeneous equations cited in § 1, determine
n + 1 elements dy, . .. d,, not all 0, in & such that dyoSy + - - - + d,, 5, = 0 holds. The extension
£ is therefore finite and at most of degree n. — If, accordingly, the representation (1.) is to
be possible for all elements of £ and for each in only one way, then [£ : 8] = n must hold
and the system aj, ... a, must be linearly independent. For this reason a system of n linearly
independent elements of an extension field of degree n is also called a basis of this field (with
respect to the ground field). — If the elements «y, ..., form a basis for the extension field
£ and if 5y, ..., are any elements from £ whose representation in the form (1.) may be

B = ciion + -+ - + cipay, (i:1,...n)

then it is shown in the familiar way that the elements 31, ... 5, form a basis for £ if and only
if the determinant |c;;| is different from zero™*.
In connection with this we derive some simple theorems on finite extensions:

2. If £ is an extension of K, M one of £, then M is finite with respect to K if and
only if £ is finite with respect to K, 9 with respect to £; and in this case

./ =[L: 8/ [M: Q]‘E‘;n

For if [ : K] = v, then there holds between v + 1 elements from 9 a linear homogeneous
relation with coefficients that belong to K, hence also to £. Therefore 91 is finite with respect
to £. Likewise there holds between v + 1 elements from £, since these belong to 9, a linear
homogeneous relation with coefficients from K, i.e. £ is finite with respect to K. Let us, on
the other hand, presuppose that

[£:Rl=m, [M:L=n

holds, and let us choose a basis aj,...a,, of £ with respect to 8 and a basis 5q,... 05, of
M with respect to £. Then the m - n elements «; - S (i = 1,...m;k =1,...n) are linearly
independent with respect to K. For if, in a relation >, ;. ¢ira; B = 0 in which the coefficients
¢ belong to the field K, we put

(2.) Zcikai = Y (k=1,...n)
=1

then it follows that Y 7 _; vxBk = 0. Since the coefficients 7 belong to £ and the elements S
form a basis of M, y1 =0,...7, = 0 must hold. But then it follows from (2.) that all m-n
coefficients ¢;; must be equal to 0, whereby the linear independence of the elements a; [y is
proved. If further 7 is any element from 9%, then we obtain

T=0101+ "+ onbh,
where the coefficients o belong to £,
Ok = 1501 + ++ + QmkQm,
where the coeflicients a;; are elements from K, and from this

7= apib,

ik
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i.e. every element of 91 is expressible linearly and homogeneously, with coefficients from R,
by the m - n elements ;8 linearly independent with respect to K; therefore

M : Rl =m-n.

3. If £ and 9N are finite extensions of equal degree of K and if £ is contained in IN,
then £ is identical with 9.

For by 2. [ : £] =1, hence £ = M.
4. If R(j) is a simple algebraic extension of R, then

[R(j): 8] = [j : &]. 747

For if [j : K] = n, then, as was shown in the preceding section, every element of £(j) is
representable in one and only one way in the form

co+cij+---+ Cn_ljnfl
with coefficients from £; the elements ¢, j,...7" ! therefore form a basis of &(j) with respect
to R.

5. If the field £ is finite with respect to its subfield R and of degree n, then the degree
of every element of £ (with respect to R) is a divisor of n; the extension £ is simple if and only
if elements of degree n occur; and these elements are then primitive, all others imprimitive. "%

For if j is any element of £, then by 2. and 4.
n=[e: 8] =[¢: RG] [ A,

hence [j : 8] is a divisor of n. If further j is to be a primitive element of £, i.e. £ = K(j),
then it is necessary and sufficient that [£: &(j)] = 1, i.e. that [j : K] = n.

6. An extension is finite if and only if it can be obtained by adjunction of a finite
number of (relatively) algebraic elements.”*”

For if £ = Ro(j1,j2,.-.jv), where the elements j1, jo, ... Jj, are algebraic with respect to
Ro, and if we put

Ro(j1) =K1, Ri(e) =K, ... Ri(h) =R =2,

then every element j is algebraic with respect to the field R;_; lying between Ry and £,
hence Ky is a simple algebraic and thus finite extension of K;_1. Consequently, by 2., R, = £
is also a finite extension of Kg. — If conversely £ is presupposed to be a finite extension of Ky:
[£: Ro] = n, and if j; denotes an element of £ not belonging to K, further, in case K1 = Ko (j1)
is not yet equal to £, jo an element of £ not belonging to &1, in case K2 = £1(j2) is not yet
equal to £, js an element of £ not belonging to K2, etc., then the degrees [R; : K], [R2 : Rol, ...
form a constantly increasing sequence not exceeding n, which can be continued as long as the
number n has not yet been reached. Therefore after a finite number v of steps the number n
is reached, and then Ry (j1,j2,..-7») = R = £.
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These theorems are followed by some further ones that refer to arbitrary algebraic exten-
sions:

7. If the field £ = R(S) is obtained from its subfield R by adjunction of a system &
all of whose elements are algebraic with respect to K, then £ is algebraic with respect to K.

For if & is a finite system, then by 6. £ is finite with respect to K, hence algebraic. But
if & is infinite, then nevertheless (§ 2, 3.) every element « of £ is contained in a field that
arises from K by adjunction of a finite subsystem of &, and is hence, as in the preceding case,
algebraic with respect to K.

8. Those elements of a field £ that are algebraic with respect to a subfield & form a
field between K and £; in particular, therefore, the absolutely algebraic elements of £ form a

field.

For if & is the system of all elements of £ algebraic with respect to &, then the field K(&)
lying between K and £ contains only elements that are algebraic with respect to & (Theorem
7.), from which it follows that & = R(S).

9. If the field £ lies between the fields 8 and M and if £ is algebraic with respect to
R, M with respect to £, then M is algebraic with respect to K.

For let 8 be an arbitrary element of 9. If then [f : £] = n, we have an equation
(3.) ag+ a4+ a1+ B =0,

where ag, a1, ...a,—1 are elements of £. These elements are algebraic with respect to R,
hence the field & = K(ap, aq,...ap—1) is by 6. finite with respect to K. Further, by equation
(3.), the element f is algebraic with respect to &, hence R'(3) is finite with respect to £&'.
Consequently, by 2., &(3) is finite with respect to &, hence S is algebraic with respect to
£, which proves Theorem 9.

§8.

Decomposition of an arbitrary integral function into linear factors. Normal fields
and normal functions.

In § 6 it was shown that every integral function irreducible in a field has a zero in a
suitable extension field. In connection with this, we can now take up the further-reaching
problem: to extend a field in such a way that an arbitrarily given function from the original
field breaks up completely in the extension field, i.e. into linear factors.""!

So let f(xz) now be an arbitrary integral function in a field Ko, n the degree of f(z), mo
the number of factors of f(z) irreducible in . Then mg < n, with equality to n only if f(z)
breaks up completely in K. Let us assume that mo < n. Then f(z) has an irreducible factor
g1(z) whose degree is > 1. We extend £ by adjunction of an element j; for which g1(j1) =0
holds (§ 6). Since in the field 8 = Ro(j1) the function g;(x) is no longer irreducible, the
number my of the factors irreducible in &; of f(x) > myg; we therefore have my < m; < n. If
mi < n, then let ga(z) be an irreducible, non-linear factor of f(z) within K. We adjoin a
zero ja of ga(x), put K(j2) = RKe, and denote by mg the number of the irreducible factors of
f(x) in Ry, so that mg < my < mg < n holds. In this manner we continue until we arrive at
a field &, for which m, = n holds, in which therefore f(x) breaks up into linear factors. The
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field K, then represents a finite extension of Ky. — Let j1, ..., be the successively adjoined
elements, 8, = &_1(jr) (r = 1,...v) the successively arising fields, and let g.(x) be the
factor irreducible in K,_1 of f(x) with the zero j,.. We can say that the extension R, is just
sufficient for the complete breaking up of f(z).!* By this we mean that no field between £
and K, other than R, itself already suffices for this; and this follows from the fact that the
adjoined elements ji, .. .7, are all zeros of f(z), and hence must occur in every subfield of |,
that accomplishes the decomposition.

Now let £ be a field isomorphic to £, and let 7y denote an isomorphic correspondence
between R and Kg. By mp there is then also assigned to every integral function g(x) from
£o a definite function g(z) from Ky, obtained by replacing the coefficients of g(x) with the
elements of Ky corresponding to them. The correspondence thus obtained between fo[x] and
fo[z] is then evidently also isomorphic. If therefore f(z) and g (x) are the functions from
Ro assigned to the functions f(z) and g;(z) occurring above, then f(z) breaks up in £y into
my irreducible factors, and g, (z) is one of them. Now let £ be any extension field of £ " "
within which f(x) breaks up completely. Then the extension £ is either just sufficient for
the complete breaking up of f(z) or not; in every case a definite field 9t between £y and £
has this property, namely the one obtained by adjoining the zeros of f(x) within £ to fy.
Since f(x) breaks up completely in 90, the factor g, (x) of f(z) has zeros in M. Let j; be one
such, and let r denote the degree of g;(x) and g, (z). By the isomorphic correspondence that
exists between fo[z] and Ko[z], the functions g;(x) and g, (z) are assigned to each other, and
therefore the residue class fields belonging to these functions as moduli are related to each
other isomorphically. These residue class fields, however, stand in isomorphic correspondence
to the fields £o(j1) = £1 and £o(j,) = &1, and there thus results an isomorphic correspondence
m1 between &1 and £, by which to every element of £, which we think of as written in the
form

r—1

ap +aijr+---+ar—15;

with coefficients a from Rg, that element
— —_ — —=r—1
ap+aij)y+ -+ ar—1)q

of R is assigned, which is obtained by replacing aj (k = 0,...,7 — 1) with the element @y
from Ry corresponding under the correspondence my. The correspondence 7y is contained
in the correspondence 71, in that 7; assigns the elements of the fields Ry and Ry to each
other in the same way as my. In view of all this, we can say: between £; and £; there
exists an isomorphism m; by which the function f(z) from K; is assigned to the function
f(x) from £;;"77 the field M represents an extension of K that is just sufficient for the
complete breaking up of f(x). We can therefore apply to £1, &1, 71, f(x), f(x) the same mode
of inference as just now to £, Ro, 7o, f(), f(z). If we continue in this manner, we arrive at a
series of fields

§07§17"'§V

with the following properties: each preceding field is contained in the following one, and all are
contained in 9. Between £, and &, (r = 0,...v) there exists an isomorphic correspondence
7 that comprises the correspondence 7y, and hence assigns the functions f(z) and f(z) to
each other. Since now f(z) breaks up into linear factors in £,, the same holds for f(z) in

13 In modern terms: splitting field. — Trans.
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R,; and since £, lies between & and 9, and M was supposed to be an extension of Ky just
sufficient for the complete breaking up of f(z), then &, = M, and we have the theorem:

1. If Ry and Ky are isomorphic fields, if Ty denotes an isomorphic correspondence
between them that assigns to the integral function f(x) from Ko the integral function f(x) from
Ro, and if M and N are extensions of Ky and Ky respectively that are just sufficient for the
complete breaking up of f(x) and f(x) respectively, then there is an isomorphic correspondence
7' between M and N that also comprises the correspondence mg. "

The hypotheses of Theorem 1. are satisfied if we take £ = £ and understand by 7 the
correspondence that lets every element of £ correspond to itself. Then f(z) = f(x), and the
correspondence 7' likewise leaves every element of £y unchanged; i.e. 91 and 91 are equivalent
extensions. Thus we have the following result:

2. To every integral function f(x) of a field Ky there belongs one and essentially only
one extension of this field that is just sufficient for the complete breaking up of f(x).”

This is why all the theorems about roots of equations that concern us are independent
of how we extend the ground field to solve the equations. To work this out in a little more
detail, let

fl@) = (& —wi)(x —w2) - (2 = wn)

be the decomposition of a function f(z) of a field £ in an extension field £. Then the field
N = Ro(wi,...wn) lying between Ky and £ represents an extension just sufficient for this
decomposition. If we have a second decomposition of f(x) in another extension field £', and
if 91 is the field that is obtained from Ky by adjunction of the zeros of f(x) occurring in £/,
then we have an isomorphic correspondence 7’ between 9t and D that leaves all elements of
R unchanged, and the decomposition of f(x) in £ becomes

f(z) = (x —w)(z = wa) -~ (& — W),

where w; and @; (i = 1,...n) correspond to each other in the isomorphism 7. If we therefore
have a rational combination of wy, ...w, with coefficients from Kg, hence an element of I,
then we obtain the corresponding element from 0 by replacing each w; by @;. In particular it
follows that if certain of the roots w; are equal, the corresponding roots tw; must also be equal.
We can therefore speak of the number of the simple, double, triple, ... roots of an equation
without specifying the extension field. The determination of these numbers will be carried
out later (§ 10.).

Normal extensions. — The extensions of a field Ky that just suffice for the complete
decomposition of a function f(x) belong to the special kind of normal extensions.””" An
extension field 9 of Ky is called normal with respect to Ky if it is algebraic with respect to Kg
and if moreover every integral function f(z) from Ky that is irreducible in Ky but has a zero
in 91 breaks up into linear factors in 91. Evidently every extension equivalent to a normal
extension is likewise normal. — We derive some simple theorems concerning normal fields:

E 56

3. If the field N is normal with respect to its subfield Ko, then it is also normal with
respect to every field R1 between Ko and N.

For, first of all, M is algebraic with respect to &;. Now if p(z) is an irreducible integral
function from £; and if ¢(x) has a zero j in 9N, then j is also a zero of an irreducible function
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f(x) of the field K, and since N is normal with respect to Ky, f(x) breaks up into linear
factors in M. But since f(z) is also a function in the field K and has the zero j in common
with the irreducible function p(x) of this field, ¢(x) is a factor of f(x); consequently ¢(x)
also breaks up into linear factors in 91. This proves the assertion.

Normal functions.”® — An integral function f(z) of a field £ shall be called normal in
R if it is irreducible in Ky and moreover the extension Ky(j) that is obtained by adjunction of
a zero j of f(x) is normal. — If f(z) is normal in Ko, then f(x) breaks up into linear factors
in the field Ky (j) obtained by adjunction of a zero j of f(x). This follows immediately from
the definition of normal extensions and functions. But the converse also holds:

4. If a function f(x) irreducible in a field Ky breaks up completely in the field Ro(j)
arising by adjunction of a zero j, then it is normal with respect to K. " "’

For if g(z) is an irreducible function from Ko, and if g(z) has a zero « in Ky(j), then we
can put a = ¢(j), where ¢(x) denotes an integral function from K. Now if

f@) = (x=4)(@ = 1) (& = Jn-1)

is the presupposed decomposition of f(z) in £y(j), then we conclude in the familiar way that
the coefficients of the function

hz) = (z = () (@ = ¢(1) - (& = ¢(in-1))

become symmetric functions of 7, j1,...j,_1, hence elements from £y." % h(x) is therefore a
function in Ky that has the factor z — ¢(j) in common with the function g(x) irreducible in
Ro, and is therefore divisible by g(x). Since h(z) breaks up completely in £o(j), the same
holds for g(x), i.e. for every function irreducible in Ky that has a zero in £y(j). Ro(j) is
therefore a normal extension of K, consequently f(z) is normal in Kg.

5. If f(x) is a normal function of the field Ry, £ any extension of Koy, then every
factor of f(x) irreducible in £ is normal in £.

For if g(x) is such a factor and if £ is extended by adjunction of a zero j of g(z), then
£(j) contains the field Ry(j), and j is a zero of f(z). Since the function f(z) is normal in
Ry, it breaks up into linear factors in Ky(j), hence also in £(j). Since in the field £ g(z) is a
factor of f(x), g(x) also breaks up into linear factors in £(j), hence g(z) is normal in £ by
Theorem 4., q.e.d.

6. An extension N of a field Ky that just suffices to break up a function f(x) from Ko
completely is normal.

For if
f@) = (z =)@ —j2) - (z = jn)
is the decomposition of f(z) in M, g(x) an irreducible function of the field Ky which has a
zero 3 in N, then B can be represented in the form

B =11, 72, Jn)

where 9 (1,22, ... ,) denotes an integral function“"! from &y. By the n! permutations of
the elements j1, jo, ... j, there arise from S n! elements of the field 9N, which may be called
B,B1,-..0Bn-1. The function

o) =(xr—B)(x—PF1) - (x— Pn-1)
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is contained in the field Rg, since its coefficients are symmetric functions of ji, jo, ... j, with
coefficients from Ry; it has the factor x — 5 in common with the function g(x) irreducible in
Ro, and is therefore divisible by g(z). Since ¢(z) breaks up completely in 91, g(x) also breaks
up completely in 9. But this satisfies the conditions for the normal extension. "

In Theorems 1., 2., 6. of this section, the place of a single function f(x) of the field K
can of course also be taken by a system S consisting of a finite number of functions of this
field. For if the system .S consists of the functions

p1(2), p2(2), .. pm ()
and we put
f@) = ei(x) - pa() - - om ()

then it is clear that in an extension field £ of K¢ all the functions of the system S break up
completely if and only if the function f(z) breaks up completely in £.

§9.

Differentiation.

To determine the number of zeros of a given multiplicity, we consider the derivatives of the
functions. We define, purely formally, the derivative, or differential quotient, % () = f'(x),
of an integral function

f(x) =ao+ a1z + -+ apa”

of an indeterminate x with respect to this indeterminate, as the expression

-1
ay + 2a2x + -+ - + nayx" ",

so that f’(x) occurs as a function in every field & in which f(z) occurs.”% Tt follows
immediately from this definition that if

g(x) =bo+brx+ -+ bpa™

is a second function from K, then

d d d
o (f@) £g(2)) = — f(z) £ —g(@).
Further,
d d _
2 (F(@) - 9(2)) = - Saghat™ = (g + r)aghat !
r— - r d d
= Sagat - rbya’ '+ Sqagat b’ = f(2)2g(a) + 2 (@) - g(a)
hence

(@) gla) = (&) -4/ (2) + (2) - g().

Now let R(z) be a rational function of z. We can represent it in different ways as a

quotient of integral functions
u U

v V1
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But then
(1.) UV = VU].
If we form the derivative on both sides, we obtain
uvﬂ +u'vy = vu’l +v'uy,
hence
(2.) vy —vu) = v'ug — uvf.
If we multiply this equation by vv;, we obtain
(3.) v2vu’ — v upul = voy (v'uy — uol).
If we multiply equation (1.) by vv] + v'v1, we obtain
vvluvll + v%uv’ = vvlv’ul + 02u10’1,
hence
(4.) v2ur’ — v?urv) = v (Viug — wn}).
From (3.) and (4.) it follows that
(vu’ — w')v? = (vyu] — uvh)v?,

hence

vu' —uwv’ vl — ugv)
(5.) = 5 :

2

Accordingly, we are justified in taking the expression % to be the derivative of a rational
function R(x) = %, because this definition, as equation (5.) shows, is independent of the
particular representation of R(x), and because, in the case that R(x) equals an integral
function u (which can be written in the form %), it agrees with the definition given earlier. By
direct calculation it then follows at once that for any two rational functions u, v the laws hold:

d
(6.) %(u:lzv) = £,
d / /
(7.) %(uv) =uwv +uw,
d (u vu' — ur'
(3. S -
From (7.) it further follows that
iu" = nu" M/
dx ’
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and from this, if AM(u) = ap + aju + - -+ 4+ a,u™ is an integral function of w (in the field K),

d = n—1y\,/ __ d du
%)\(u) = (a1 + 2au + - - - + napu™ Hu' = %)\(u) o

The application of this equation yields, if u(z) likewise denotes an integral function:

d Mu) ()N w) = Mw)gp(w) du  d Aw) du

a u(u) (u(w))? o~ dup(u) dz’
In other words: If v is a rational function of u, u a rational function of z, then
dv _do du
de  du dz’

The concept of the differential quotient can also be extended still further, but we shall not go
into this here.

§10.

The multiplicity of the zeros of an integral function.

In the questions treated so far the characteristic of the field has been of no significance; in
the following investigations, however, we encounter essential differences between the fields
of characteristic 0 and those of prime-number characteristic. This first shows itself in the
question of the circumstances under which the derivative of a rational function vanishes.

Let a field R be given, and let

f(x)=ag+arx+ -+ apz"

be an integral function of the indeterminate x in K. Then

f(x) =a1 +2asz + -+ napz™ !,

so that in the case of characteristic 0 f’(x) vanishes only if a; = 0,a2 = 0,...a, = 0, that
is, if f(z) does not contain z. But if the characteristic of £ is a prime number p, then the
coefficient ¢ - a, occurring in f'(x) is equal to 0 if a; = 0 or ¢ is divisible by p (§ 4, 4.);
therefore f’(x) vanishes if and only if the only powers of x that actually occur in f(z) are
those whose exponent is divisible by p — in other words, if f(x) is an integral function of xP.
— If we have a rational function in £ which we represent as a quotient of two integral functions
in the reduced form 7, then its derivative becomes %, and is hence equal to 0 only if
vu' = wv'. Since u and v are relatively prime, this equation can hold only if v goes into v/, u
into v’ (§ 5,3.). But since the degrees of ' and v are respectively smaller than those of u
and v, this is possible only if v’ = 0, v = 0, hence if u and v are free of x or, in the case of
characteristic p, functions of xP. Therefore the theorem holds:

1. For the derivative of a rational function R(x) to vanish it is necessary and sufficient
that R(x) be free of x or a rational function of xP, according as the characteristic is 0 or p.

Now let f(x) be an integral function in a field K. Within a suitable extension field f(z)
breaks up into linear factors, and if z — « is an r-fold factor (r > 0), then we have

(1) f(@) = (x—a)"g(),

32



Steinitz, Algebraic Theory of Fields §10

where g(z) no longer contains the factor z — a.. From (1.) it follows that

(2.) f'(@) = (& — @) " reg(z) + (z — a)g'(x)),

from which we see that the derivative f’(x) contains the factor z — « at least (r — 1) times,
and that it contains it exactly (r — 1) times if re # 0. But if & has the characteristic p and r
is divisible by p, then re = 0, and f'(x) = (z — a)"¢'(z) is divisible by (z — a)". Therefore
the theorem holds:

2. If f(x) has an r-fold linear factor (r = 1), then the derivative f'(x) has this factor
at least (r — 1) times; it has it at least v times if the field R to which f(x) belongs has the
characteristic p and r is divisible by the prime number p, and otherwise exactly (r — 1) times.
(If the derivative vanishes, then it is divisible by every power of x — «, however high, and
hence in this sense contains the factor z — « infinitely often).

From 2. it follows easily, for fields of arbitrary characteristic:

3. If f(x) has only simple factors, then the greatest common divisor

(f(@), f'(2))
of f(x) and f'(x) is equal to €, and otherwise it is of at least the first degree.
Let

(3.) fl@) = (x—a)™ - (z—ag) - (z— )",

where the zeros «; are to be different from one another and the exponents r; > 0. If the
characteristic is equal to p and f(z) is the p-th power of an integral function (of the original or
of an extension field), then all exponents r; are divisible by p. Therefore by 2. f’(z) contains
every factor x — «; at least as often as f(z) does, and is hence divisible by f(x). But since the
degree of f’(x) is smaller than the degree of f(z), this is only possible if f’(x) = 0. This also
follows immediately from the fact that differentiating an equation of the form f(z) = [¢(x)]P
gives f'(z) = plp(z)]P~! - ¢/ (), hence f'(x) = 0 in the case of characteristic p. But from this
it follows that f(z) is an integral function of zP. If conversely f(x) is presupposed to be an
integral function of zP, then f’(x) vanishes, and from 2. it follows that all exponents r; are
divisible by p. Therefore there holds:

4. If in the case of characteristic p f(x) is an integral function of xP, then f(x) is
the p-th power of an integral function, and conversely.

We can also derive this result in another way: If a and b are any two elements of a field &
of characteristic p, then the binomial expansion yields

(a+b)P =aP + P,

because all other terms of the expansion have a numerical coefficient divisible by p, and hence
vanish. Raising the preceding equation to the p-th power gives

(a+b)P = (a? + P =a” + b
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and, continuing in this way, in general
(4. (@a+b)P =a? + v

for every natural number f. Likewise there holds

(5.) (a—byY =a” — v,

This follows for odd p by the same expansion. But if p = 2, then 2b = 0, o’ = 0, hence
—b=b, —b*" =’ T and the formulas (4.) and (5.) become identical. From (4.) it follows
immediately that

/ o pf | pf o
(4") (a1 +as+---+ap)V =a) +ay +---+ad.

We can also apply this equation to integral functions of an indeterminate x in the field &,
since these belong to the field £(z), which after all also has the characteristic p (§ 4, 3.). Then
one sees at once that the p/-th power of such a function is an integral function of o If
conversely f(x) is an integral function of 2’

flz) =co+ o R e = L

and if we extend the field & to a field £ within which the functions 2P’ — o, 2’ — Cly... ' — Cn
break up into linear factors, then one can determine the elements g, 71, ...V, in £ such that

fyﬁf = ¢, holds. But it then follows that

f
f(@) = (0 +ma +yea? + -+ )P
This proves Theorem 4. again, only in a somewhat more general formulation:

4%, If in the case of characteristic p f(x) is an integral function of 2P’ | then f(z) is
the pf-th power of an integral function of x, and conversely.”

Let F(z) be an integral function of the indeterminate x in a field & of arbitrary character-
istic, let the coefficient of the highest power of x be equal to €, and let

(6.) Fay=(z—a1)" - (z—ay)™

represent the decomposition of F'(z) in a suitable extension field (a1, ..., presupposed to
be different). We denote by f,,(x), for every natural number m, the product of those linear
factors, taken singly, of F(z) which occur m-fold in F(z). If there are none, then we put
fm(z) = e. Accordingly,

(7.) F(z) = fi(z) - (fo(2))* - (f3(x))* - .
We now wish to prove the following theorems:

5. If the characteristic of R is equal to 0, then each of the functions fn(z) belongs to
the field R and can be determined rationally.

6. If the characteristic of R is equal to p, m not divisible by p, then f,(z) belongs to
the field R and can be determined rationally.
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7. If the characteristic of 8 is equal to p, ™ = p! the highest power of p contained in
m, then (fm(x))™ belongs to the field & and can be determined rationally.” % 07 0%

For if F'(x) denotes the derivative of F'(x) with respect to z, then it follows from 2. that
the function belonging to the field &

A1) = Ty, )

is, in the case of characteristic 0, equal to the product of all, in the case of characteristic p
equal to the product of those linear factors x — ay, taken singly, for which the exponent 7y in
equation (6.) is not divisible by p. Let us now consider the expression

_ (e, @)
= ety Fay EY

It is an integral function composed of factors x — o and can, in the case of characteristic p,
contain only such factors x — oy for which r is not divisible by p. If we presuppose this about
7L in the case of characteristic p, then for rp < m both the numerator and the denominator
of the expression y,,(z) contain the factor x — ay, exactly ry times. If rp = m, then z — ay
is contained m times in the numerator, (m — 1) times in the denominator. y,,(z) therefore
represents the product of those linear factors x — oy, for which 7, = m and, in the case of
characteristic p, is not divisible by p. From this it follows that

Xm (%)
()~

holds, unless the characteristic is equal to p and m is divisible by p.

This proves Theorems 5. and 6. In the case f =0, Theorem 7. coincides with Theorem
6. We prove Theorem 7. by induction, assuming that it has been proved for every m that
contains the prime number p fewer than f times as a factor. Then those factors (f,(z))™ in
which m is not divisible by 7 = p/ are to be regarded as having been proved to belong to the
field R and as determined. If we therefore divide both sides of (7.) by these factors, we obtain
an equation of the form

(8) ®(z) = (fr(2))" - (for(2))*" -+,
where ®(z) is a known function from K. Let
(9.) O(z) = (x = L))" - (x = o) 7 -+ (& = Br)T

be the decomposition of ®(x) into powers of different linear factors, and m = - 7, where p no
longer contains the factor p. The functions (fx.(z))™ are integral functions of z™ (Theorem
4%.), hence the same holds for ®(x). If we now put

=y, Br=m (fi(@)" =g(y), @(z)=Gy),

then the equations (8.), (9.) go over into

(10.) Gy) = g1(y) - (92(9)* - (gs())* -+~ .
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(11.) Gly)=(y—7)%" (y—72)% - (y — )%,

where G(y) is a known function from R. The zeros 71,72, .. .7 are different; for from v =

it would follow that
O=v—n=0F -0 =B—05)",
0=08—0B1, Br=240,

69 while B1, Ba, . .. B were presupposed to be different. gu(y) is the product of those factors
Yy — 1, linear with respect to y and taken singly, for which g; = p. Since by hypothesis p
is not divisible by p, it follows by 6. that g,(y) is a function in K that can be determined
rationally. If we substitute 2™ for y again in g,(y), we obtain, since m = pm,

9u(y) = (fm(2))",

whereby 7. is proved.

Accordingly, in all cases (f,(x))™ is a function in & that can be determined rationally. If
we divide the degree of this function by m, we have the number of the m-fold zeros of the
function F(z).

§11.
Perfect and imperfect fields.

In § 7 it was shown that a number of theorems of Galois theory hold in every field. But
if this theory is to remain valid unchanged, in all its essential features, in a field K, we also
need the theorem that an integral function irreducible in & can have only simple zeros. This
theorem, however, does not hold in full generality, and so we are forced to make a distinction,
which we express in the following definition:

A field R shall be called perfect if every integral function f(x) from K that has multiple
zeros (in a suitable extension field) is reducible in R; it shall be called imperfect, on the other
hand, if there are irreducible functions in K with multiple zeros.

We obtain the simple criteria:

1. FEwvery field of characteristic O is perfect.

2. Among the fields whose characteristic is a prime number p there are perfect and
imperfect ones; such a field is perfect if the extraction of the p-th root (which here proves to be
a unique operation) can be carried out in it without exception, and otherwise imperfect.” "

For the proof we note first that in a field K of characteristic p there can never be more
than one p-th root, and hence also never more than one p/-th root, of an element ~. For if two
elements «, (3 satisfy af = P = ~, then it follows (cf. the computation 0 = v, —~v; = (Bx— 5;)"
on p. 36) that 0 = o — P = (o — )P, and therefore & — 8 = 0, a = . No extension of £
can change this either, since the characteristic remains p after all. The function ! — v is
therefore, in & or in an extension field in which it breaks up completely, the p/-th power of a
linear factor:

' —y = (z -8,

which, incidentally, also follows from § 10, 4*. The prime field B, (§ 4) provides the simplest
example” " of a field in which the extraction of the p-th root can be carried out without
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restriction. For by Fermat’s theorem " the equation a? = a holds for every element of By,
and hence also ¥/a = a. Now let & be any field of characteristic p; we extend it, by adjoining
a transcendental element u, to £ = K(u). If « is an element of £, then either « is an element
of R, and then so is o, or a does not belong to K; in that case «, regarded as a rational
function of u, has a definite degree > 0, and the degree of a? is p times this degree (§ 5, 6.).
In no case can o = u hold; thus the element u of the field £ has no p-th root in £.77% —
Now let K again be any field of characteristic p and v any element of &; then the function
- ~ has, either in R itself or in an extension field, the decomposition

(1.) o — = (z -8 .

So if we decompose o’ — v in R itself into irreducible factors, then all these factors are
powers of x — J, and they must all have the same exponent, since otherwise a factor with a
larger exponent would be divisible by the one with a smaller exponent, and so would not be
irreducible. The factor irreducible in K therefore has the form

(2.) (@— 0y =a? — 4",

where 0 < 7 < f. The case 7 = 0 occurs when J, i.e. the p/-th root of ~, belongs to the field 8.
But if the p-th root (and hence also the p/-th root) of v does not exist in &, then r > 0, and
xP" — 67" is then a function irreducible in & with p” > 1 equal zeros. The field £ is therefore
imperfect.

Let us now assume that K either has characteristic 0, or that K has characteristic p but
that for every element of R its p-th root is contained in R itself. If f(z) is then an integral
function of degree n in K that has multiple zeros, then

(f (@), f'(2))

is of degree at least 1. If f’(z) is different from 0, then the degree of (f(z), f'(x)), like that of
f'(x), is less than n, so f(z) is reducible. But if f’(x) = 0, which can happen only when the
characteristic is a prime number p,” " then f(x) is an integral function of z”:

flx)=ag+ara? +--- 4+ ayz'? (vp=n),

and it follows that
f@) = (4@ + e+ + gayat),

where, by our hypothesis, the elements /ag, ¢/a1, ... ¥/a, belong to the field &; hence in this
case, too, f(z) is reducible in 8 — This proves Theorems 1. and 2.

Among the theorems of ordinary Galois theory that do not hold without exception in
all fields, we single out two which, as will be shown later, are most closely connected with
each other, and which may be called the theorem of primitive elements™ "> and the theorem
of intermediate fields. The first states that every finite extension is simple, the second that
between a field R and a finite extension £ of it there always lie only finitely many fields. The
converse of the latter theorem, as is easy to see, holds without exception:

3. If only finitely many fields lie between a field 8 and its extension field £, then £ is
finite with respect to K.
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For, to begin with, £ cannot contain any element x that is transcendental with respect to
R; for otherwise we would have infinitely many fields

RA(z), R(z?), &z?),..., R(z"), ...,

which, as one sees at once (e.g. from § 5, 6.), are all different from one another and lie between
K and £. By § 2, 3., every element of £ belongs to a field &; between K and £ that arises
from & by adjunction of a system &; of finitely many elements.” ® By hypothesis, however,
there are only finitely many of these fields. If we denote them by K1, Rs, ... R,, denote by
S; (i =1,...n) a finite system of elements such that R(S;) = K;, and denote by & the finite
system comprising all the elements of the systems &;, then £(&) contains all the fields &;,
and therefore (&) = £ 7. Since, moreover, the elements of & are finite in number and, as
we saw, algebraic with respect to R, it follows (§ 7, 6.) that 8(S) = £ is finite with respect to
R.

The theorem of primitive elements in ordinary Galois theory rests on the following theorem,
which holds for all fields:

4.  If the field £ arises from its subfield R by adjoining finitely many elements
a, 3,7, ..., each of which satisfies in K an equation with only simple roots, then £ is simple
with respect to K and can also be obtained from K by adjoining one element that likewise
satisfies in K an equation with only simple roots.

It is of course only necessary to carry out the proof for the case where £ is derived from
R by first adjoining two elements «, §8; by repeating the same mode of inference, the same
result then follows for any arbitrary finite number. — We carry out the proof here under
the hypothesis that & contains infinitely many elements; for the case of a field with finitely
many elements a different proof will follow below (§ 15, 9.). — So now let f(x) and g(x) be
integral functions from R that vanish for x = o and & = [ respectively and that break up, in a
suitable extension field 9, into linear factors that are all different. Let the decompositions be

f(@) = (- a)(z —ag) - (z — am),

g(z) = (x = B1)(x — B2) -+ (x — Bn),

where a1 and (1 are put for a and 5. By our hypothesis, the elements ai, as,...qa,, are all
different from one another, and likewise 1, fo, ... B,. If @ is any element of K, then a + uf
is an element of K(«, f) = £. Let us now consider the m - n elements a; + puf;. If two of
them, a; + Sk and a, + pfs, are equal to one another without ¢ = r, k = s holding at the
same time, then £, # (s, since otherwise k = s, a; = a, ¢ = r would follow. In this case we
therefore obtain

Qp — O

(3‘) s Bk - /Bs '

But since only a finite number of elements is represented in this form, while & contains
infinitely many, we can and will choose from £ an element p that does not have the form (3.),
and we keep it fixed in what follows.” " Now let § = 6; be an arbitrary element from £&(c, 3),
hence an integral function x(«, 8) = x(a1, 81) of a and B with coefficients from K. We denote
by

V1,725 - - - Ymn,
51,890 Gom
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those elements of 91 that arise from
y=m=a+puB, §=0=x(a,/p)

when all possible combinations «;, 8 are put for «, 3, and we form the function
hz) = (x =)z =72) - (T = Ymn)-

Since by the foregoing the elements 1, 7o, . . . Ymn are all different,

h(z)  h(x) h(zx)

, e
r—7 T —72 T — Ymn

are integral functions of z, the first of which takes for z = ~; the value h'(7) different from 0
(if 1/ (x) denotes the derivative of h(z)), while the others vanish for # = ~;. The function h(z)

is symmetric in aq,...q, and in B,... 3, hence a function in K; therefore h'(z) is also a
function in K. Finally the function
h(z h(z h(z
T —m T — "2 T = Ymn

is also symmetric in aq, ..., and in B1, ... B,, hence a function in K. If we put xt =~ =~
in (4.), we obtain

e(v)
p(y) =N (y)-6, &= :
() = () o
from which we see that 0 belongs to the field &(vy). Since 7 belongs to the field R(«, 8) and §
is an arbitrary element of R(«, f3), it follows that

R(a, B) = R()-

Further, the equation h(x) = 0, which ~ satisfies in £, has only simple roots; thus 4. is proved.

If R is a perfect field, then the equations irreducible in K that are satisfied by « and
have only simple zeros; the hypotheses made about o and 8 in Theorem 4. are therefore
always fulfilled here. From this it follows by § 7, 6.:

5.  FEvery finite extension of a perfect field is simple.

Now in order to show that neither the theorem of primitive elements nor the theorem of
intermediate fields has unrestricted validity, we prove right here the following theorem, which
we shall need later in the more thorough investigations on this subject:

6. If R is a field of characteristic p, £ an extension of K, if the p-th power of every
element of £ is contained in K, but [£: 8] > p (in so far as £ is finite at all with respect to
R), then £ is not a simple extension, and infinitely many fields lie between R and L.

Proof: The first assertion is immediately evident; for the degree of a primitive element
would have to be equal to [£: &] > p, while from the hypothesis it follows that every element
of £ satisfies an equation of degree p in 8. — As regards the second assertion, it follows from
the hypothesis first that K is an imperfect field; for otherwise the elements of £, which are
indeed p-th roots of elements of &, would all belong to &, so [£: K] = 1 would hold. From
this it follows further that 8 contains infinitely many elements, because all fields with only
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finitely many elements are perfect (see § 12, 2.)." ™ Now let a be any element contained in £
but not in K. Then « is a zero of the function P — o of the field &, which is irreducible in
this field. R(«) is a field between K and £ and different from £, because [R(a) : 8] = p. Let
be an element belonging to £ but not to K(«); then also [R(S) : 8] = p, and K(«) and £(5)
are different. Now if pq, o, ..., pg, ... are infinitely many elements from K different from one
another and from 0, then all the elements wi = o + B belong to the field £, but none to
the field R. For if wy belonged to &, then oo = wy, — pg 8 would belong to K(5), which cannot
be the case, because a and [ are of the same degree with respect to £ and K(«) and &(3) are
different. The fields R(wy) all lie between K and £, are of degree p with respect to K, and are
all different from one another. For from £(wy) = &(w;) it would follow that

W — Wg

o= PR TR d B =
1= [ —

would belong to the field 8(wg) = £(w;), and hence would be, with respect to K, primitive
elements of this field. But then R(«) = K(wy) = K(S) would hold, while R(«) and R(5) were
already shown to be different. Thus infinitely many fields f(wy) lie between K and £. This
completely proves 6.

We can now easily show that the hypotheses of Theorem 6. can be realized by finite
extensions. For this purpose we adjoin to an arbitrary field 91 of characteristic p two
transcendental elements ¢,u and consider, besides the field £ = (¢, u), also the fields
R =M@EP,uP), & = M(t,uP). Then t does not occur in &, nor u in K', and therefore the
function z? — t? becomes irreducible in £, the function 2 — u? in &', from which

LR =R A [:R)=[t:8 [u:&]=p

follows. If on the other hand v is any element from £ = 9M(¢,u) and we represent it in the
form v = %, where v; and vy belong to the domain of integrity 9[t, u], then v; and vy are
represented as sums of terms of the form c¢t™u", where ¢ is an element of 9. But then v}, v}
become sums of terms of the form Pt"Pu"P (§ 10, (4’.)), and so belong to the domain of

integrity 9[tP, uP]. Therefore vP = Z—g is an element of the field & = M(tP, uP), and thus the

extension £ of the field R, although2 finite, is nevertheless not simple, and infinitely many
fields lie between K and £.

§12.

Imperfect fields: Smallest containing and greatest contained perfect field. —
Root fields.

If R is a field of characteristic p and a and b are elements of K, then the following equations
hold: “#Y

(1) al + v’ = (a + b)P, al — v’ = (a —b)P,
. a?l - o = (a-b)?P, al : bP = (a: b)P.
From these equations we read off the following result:

1. The p-th powers of all elements of a field R of characteristic p form a field fP.
If the field R is perfect, then RP is identical with R, otherwise only a part of R (§ 11, 2.).

40



Steinitz, Algebraic Theory of Fields §12

Assigning to each element of R its p-th power gives an isomorphic correspondence between K

and RP.

Since the isomorphic correspondence between & and RP is one-to-one, R = K must hold if
£ has only finitely many elements. " *' Thus:

2. Fvery field that has only finitely many elements is perfect.

Starting from a field K of characteristic p, we form the infinite sequence of fields

=g @, @ a8

in which in general &P denotes the field that consists of the p-th powers of the elements
of Rpf_l, hence of the p/-th powers of the elements of &. All these fields are isomorphic,
therefore either all perfect or all imperfect; in the first case & = KP = /7= , in the second,
which alone interests us here, each following field is only a part of the preceding one. We can
also continue this sequence in the opposite direction. To do this, we must first extend the field
£ to a field 87" such that & consists of the p-th powers of all elements of &P"". To this end
we remark first that every element of K can be written in the form /a, where a is an element
of 8. Now if ¢/a and ¢/b are any two elements of £, then, as one sees at once from (1.):

1) ¢/a is equal to ¥/b if and only if a = b,

2) {a+ Vb= {a+b,

3) Ya-Yb=a-b.

We now form a system & by adding to £ all symbols of the form ¥a in which a denotes

an element belonging to K but not to KP, without, however, for the present giving such a
symbol the meaning of a p-th root of a. We stipulate further that the statements made under
1), 2), 3) shall hold for equality, sum and product also when the elements a,b of 8 do not
belong to KP, or when one of these elements does not belong to KP. By this we have made
&' into a system with double composition. But from 1), 2), 3) it follows further that we
obtain an isomorphic correspondence between K and /27" if we assign to each element a of R
the element ¥/a of ﬁp_l; consequently ﬁp_l, like R, is a field. If we now apply the rules of
calculation valid in every field, we obtain, with reference to 3):

(Yay = ab,

But since the element a? belongs to AP, {/a? already has the meaning of a p-th root of a?,
and so V/aP = a, therefore
(Va)’ = a,

whereby the meaning of ¥/a as a p-th root of a is established in general, and at the same
time that K consists of the p-th powers of the elements of AP S I we apply repeatedly
the step that led us from & to &', we obtain a sequence of fields £ ', &7 ", ..., and thus
AP" is defined for every integral n.

3. All the elements that occur in the fields 8" belonging to a field & of characteristic
p form a field &; likewise the fields " have as intersection a field ®©. Both fields € and ©
are perfect, and indeed © represents the greatest perfect field contained in K, while € proves to
be a smallest perfect extension field of R.

For since, of any two of the fields 8" (n § 0), one is always contained in the other,”*

the totality of all elements occurring in these fields yields a field (§ 2, 2.). If a is an element of
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this field ¢ and a occurs, say, in 8", then a p-th root of a exists in ﬁpnfl, and consequently
in €. The field € is therefore perfect. If we call it a smallest perfect extension field of g,
this is to mean that no field between & and € other than € itself is perfect. For if €' is a
field between £ and €, a an element of € not contained in €', n the smallest natural number
such that a occurs in 87", then a?" is an element of &, hence also of ¢’. Now if a?" is the
first among the elements aP, ap2, ap3, ... that is contained in ¢, then ¢?" has no p-th root in
¢’; the field ¢ is therefore imperfect. — If further a is an element of the intersection field
©, n an arbitrary integer, then a occurs in ﬁpnﬂ, therefore ¢/a in A?", i.e. in every field of
the sequence R7", and consequently in ©. The field ® is therefore perfect. If finally ©’ is
any perfect field contained in £, a an arbitrary element of ®’, n an arbitrarily large natural
number, then a has a p™-th root b in ®’. Then b belongs to &, and consequently a = b*" to
AP i.e. to all fields of our sequence, hence to ®. ®' is therefore contained in ®, and ® is
the greatest perfect field contained in R.

Let £ be an arbitrary field of characteristic p, @ an element of K. This element determines
a sequence of elements

a,ap,aPQ,...,

in which each element is the p-th root of the following one. If a p-th root of a exists in K, we
can continue this sequence in the opposite direction without extending the field. Either there
exists for every natural number n, however large, a p"-th root of a, which we denote by a? ",
or there is a greatest number n such that a? " still exists but no longer has a p-th root. In
the first case we obtain a sequence of elements extending to infinity in two directions, in the
second it has an initial element. The perfect fields are characterized by having only sequences
of the first kind. The elements of a sequence a?" are either all different from one another, or
they repeat periodically, in which case the sequence is of course of the first kind. Here the
following simple theorem holds:

4. The sequence of elements aP" determined by an element a of a field 8 of character-
istic p is periodic if and only if the element a is absolutely algebraic. The number of elements
of the period is equal to the absolute degree (=degree with respect to the prime field) of a,
and the elements of the period are all the roots of one and the same irreducible equation in
the prime field *B,.

For if the sequence of elements belonging to a is periodic and consists of n different
elements, then each element is equal to its p™-th power, hence a solution of the equation
2P" — x = 0, whose coefficients belong to the prime field B, contained in K, and consequently
absolutely algebraic. If conversely a is an absolutely algebraic element of 8 and

(2.) or)=2™ +az™ "+ 4 a,=0
the irreducible equation of the prime field that is satisfied by a, then
a™ +aya™ M 4 ag, = 0.

If we raise this equation to the p-th power and take into account that every element of the
prime field is equal to its p-th power, we obtain

apm + alap(m_l) + .. + Ay = 0’
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i.e. the equation (2.) is also satisfied by a?. In the same way we recognize that the elements
ap2, apg, ... must be solutions of the equation (2.), so that there are at most m different ones
n—1

among them. Let us assume that there are n different ones, hence that a, a?, ap2, ...aP’ " are
different, while a?" = a holds; then ((x) is divisible by

(3.) (x—a)(x—d) - (z —apnil) ="+ bz by = Y()

If we raise to the p-th power and then replace P by x (which is permissible because x? is
transcendental with respect to f), the factors of the left side of (3.) undergo only a cyclic
permutation. We therefore obtain

Y(x) =2 + "

and thus 0] = by,...b2 = b,. Now the equation zP = z is satisfied by the p elements of the
prime field, and since it cannot have more than p solutions, it follows that the coefficients
of ¥(z) belong to the prime field. But since () is divisible by ¢(x) and irreducible in the
prime field, ¢(x) = ¥ (x) must hold. This completely proves Theorem 4.

If the field R is absolutely algebraic, then every element of & belongs to a periodic sequence
and therefore has a p-th root. We thus obtain the following theorem, of which 2. is a special
case:

5. Every absolutely algebraic field is perfect.

Root elements and root fields. — If K is a field of characteristic p, £ an extension of K,
then an element a of £ shall be called a root element with respect to K if for sufficiently large
n aP”" belongs to K. ”%* In that case we call the smallest number n 2> 0 for which a?" becomes
an element of K the exponent of a with respect to K. If this is equal to f, then, as is easy
to see (see p. 37), 2P’ — aP’ = 0 is the irreducible equation in R that is satisfied by a. We
call the field £ a root field with respect to R if all its elements are root elements. Among
the root elements are all elements of R itself; they are characterized by the exponent 0. If
a and b are root elements and their exponents do not exceed the natural number f, then
a,pf, v’ are elements of R, and the same therefore holds for (a + b)pf = a?’ £ as well as

for (a - b)pf and (%)pf. The elements a + b,a - b, § are therefore also root elements, and their
exponents are < f. Therefore those root elements contained in £ whose exponent does not
exceed the number f form a field between K and £, and the same holds for the totality of all
root elements contained in £, as follows at once from this. It further follows that an extension
£ that arises by adjoining a (finite or infinite) system & of root elements represents a root
field. For, since it contains K and the system &, the field formed by the root elements is
identical with the field R(6&) = £. — From the definitions given it follows further at once
that, if the field £ lies between K and 91, and £ is a root field with respect to £ while 91 is a
root field with respect to £, then 9 also represents a root field with respect to K. — Let us
now assume that the extension field £ itself, or more generally any field ¥ between K and
£, is perfect, “®” and let us denote by € the field of all root elements contained in £ (with
respect to R). If then a is an element of €, f its exponent, then a?’ belongs to K, hence also
to . But a itself must already belong to ¥; for otherwise, if we denoted by n the smallest
number for which a?" belongs to T, then a?” would have no p-th root within ¥, although
T was supposed to be a perfect field. Thus a belongs to ¥, and so the field € is contained
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in . On the other hand € is itself a perfect field. For if a again denotes an element of €
and f its exponent, then a, as an element of ¥, has a p-th root ¢/a = b within this perfect
field, and """ = a?’ becomes an element of 8. The element ¥/a is therefore a root element,
and consequently belongs to €. Thus every extension field £ of R, if it is perfect, contains a
smallest field of this kind, and this is formed by all the root elements contained in £. — Now
let € be a smallest perfect extension field of & (hence a root field), and let & (f = 0) denote
the field of those elements of € whose exponent is < f. Then Ry = K. If a is an element of Ky,
then the exponent of ¢/a cannot be > f 4 1, i.e. ¢/a belongs to R71; if ¥/a belongs to K11,
we can conclude conversely that a is an element of &;. Thus ﬁ? =Ry It R denotes a field
of the same type as &, 7y an isomorphic correspondence between £ and &, € a smallest perfect
extension field of R, Ef the field of those elements of € whose exponent with respect to 8 is
< f, then we have on the one hand between £ and £ = R, on the other hand between £
and R, an isomorphic correspondence if we assign to each element of & or £ respectively its
p-th power. Combining these two isomorphisms with 7 yields an isomorphic correspondence
m1 between &1 and £; that comprises 7y. In the same way we arrive at a correspondence o
between K> and £ that comprises 71, etc. The totality of these isomorphisms 7, 71, o, . . .
establishes an isomorphism between € and €. Here we can again let & coincide with & and
presuppose that my relates every element of K to itself. Then we obtain:

6. FEvery imperfect field can be extended in essentially only one way to a smallest
possible perfect field; and thus every imperfect type is assigned a definite perfect one.

§13.
Imperfect fields: Algebraic extensions of the first kind.

Let £ be an arbitrary field. " An irreducible function in & shall be called of the first
kind' if it has only simple zeros. An element v algebraic with respect to £ shall be called
of the first kind if the function irreducible in K that has the zero  is of the first kind. An
algebraic extension shall be called of the first kind if all elements of the extension field are of
the first kind.

For perfect fields, thus in particular for all fields of characteristic 0, there are only functions,
algebraic elements and algebraic extensions of the first kind.

Let the field 8 have the characteristic p, and let g(z) be an irreducible function in K. We
can then determine a non-negative integer f such that g(z) is an integral rational function of

2P’ but no longer of 27’ g(z) then has the form
g(@) = 2" + a2 4y,

and at least one term whose exponent is not divisible by pf*! actually occurs. We call the
number n the reduced degree, f (in generalization of a designation introduced in the preceding
section) the exponent of the irreducible function g(z), and we transfer this designation also to
the zeros of the function™.

*) The designation “reduced degree” is justified by the fact that, as can easily be shown by means of the
following theorems, the reduced degree of an element with respect to R is equal to the degree that the element
has with respect to the smallest perfect field containing K.

14
In modern terms: separable.— Trans.
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Two special cases are particularly noteworthy. For, first, if the reduced degree has its
smallest value 1, then g(z) takes the form 2?' — o and has nothing but equal zeros; the
algebraic elements of reduced degree 1 are thus the root elements considered in the preceding
section. Second, if the exponent f has its smallest value 0, then g(z) is no longer an integral
rational function of P, the derivative ¢’(x) does not vanish, hence can have no common factor
with g(x), consequently the function g(z) has nothing but simple zeros; it is of the first kind.
On the other hand, in the case f > 0 g(z) is the p-th power of another integral function, hence
has only multiple zeros"“". In this section we shall be concerned chiefly with the case f = 0.

We now prove a series of theorems that refer to a field K of characteristic p; some of these
theorems are of significance only if R is imperfect.

1. If v is an element algebraic with respect to K, of exponent f, f > 0, then 4P is of
exponent f — 1 with respect to R, and [R() : R(7P)] = p.

For if 7 is a zero of the irreducible function
(1.) g(z) = :Enpf + alx(”_l)pf +--+a,

then ~? is a zero of
h(z) =2 4 a4 g,

h(z) is irreducible in K, because from h(x) = ¢(x) - ¢ (x) there would follow
9(x) = h(z?) = @(zP) - (o),

whereas g(x) is irreducible. Consequently f — 1 is the exponent of 47, and since [y : &] = n-p/,
[P : 8] = np/~1, it follows that [R(Y) : R(1P)] = p.

2. If
(2) o) =2" +az” '+ +ay
1s an trreducible function of the first kind in R, then
(3.) Y(a) ="+ a4+ al

(more generally =™ + aﬁ)f:c”_l 4+ -+ aﬁf) 1s also irreducible and of the first kind.

Proof: If h(x) denotes a factor of ¢)(z) belonging to 8 whose degree is greater than 0, then
h(zP) is a factor of ¥(aP) = (p(x))P, hence, because p(x) is irreducible, a power of p(z). We
thus obtain:

(4.) h(z?) = (¢(x))"  (0<r=p).

Now, however, by hypothesis ¢(x) has only simple zeros, (¢(z))" therefore only r-fold zeros;
and since h(zP) is the p-th power of an integral function (of an extension field), hence has
every zero at least p-fold, it follows from (4.) that r = p,

h(a?) = (p(x))" = p(a?),

consequently
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holds. v (z) is therefore irreducible. Since ¢(x) actually contains at least one power of x whose
exponent is not divisible by p, the same follows from (2.), (3.) for ¥ (z). ¥ (z) is therefore of
the first kind.

3. If
(2.) o(z) =a"+az" ' - Fap

is an irreducible function of the first kind in R, £ an extension field of R that contains the p-th
roots of the coefficients of ¢(x) and a zero v of p(z), then £ also contains the p-th root of .

Proof: By hypothesis £ contains the two functions

X(x):xn+<7axn—l+...+€/@7 I’p—’)/:(.%'—{ﬁ)p,

hence also their greatest common divisor #(x). Since v is a zero of p(x), ¢/7 is a zero of
o(zP) = (x(z))P, hence a zero of x(z), and indeed a simple zero, because the zeros of x(z) are
the p-th roots of the zeros of ¢(x), and hence, like these, different from one another. Since ¢/~
is the only zero of x” — v, it follows that ¢(x) = x — /7, and consequently ¢/ is an element
of £.

4. FEwvery algebraic extension of a perfect field is a perfect field.

Proof: “®® Let £ be a perfect field of characteristic p — for in the case of characteristic 0
the theorem is self-evident —, £ an algebraic extension of &, v an element from £, and ¢(z)
the irreducible function from K with the zero «. Since R is perfect, ¢(x) is of the first kind,
and for the same reason K(7), like R already, contains the p-th roots of the coefficients of
@(x), but besides this also v, hence by 3. also /7. Since £() is a subfield of £, the p-th root
of every element v of £ is thus contained in £, hence £ is a perfect field. — The hypothesis of
Theorem 4. is satisfied if K is a prime field, so that £ is an absolutely algebraic field, whereby
the theorem of § 12, 5. is proved again.

5. If v is algebraic with respect to & and of the first kind, then &(7?) = R(y). "’

For if 7 is a zero of the irreducible function p(x) = 2™ + a1z ! + -+ + a, in K, then 7
is a zero of the function ¥ (x) = 2™ + af2" ! + .-+ + aP, which by 2. is likewise irreducible.
Therefore n = [y : K] = [P : K], from which the assertion follows. — Conversely, that v is of
the first kind whenever R(~?) = R(7) is already stated by Theorem 1.

6. If the element 7 is algebraic with respect to & and of the first kind, then K(v) is
an algebraic extension of the first kind.

Proof: Let a be an arbitrary element of &(); if we then put

{[ﬁ(a) R =my,  [R(Y) : R(a)] = ma,
[R(a?): R =m1,  [R(Y) - R(aP)] = na,

(6.) mi-mg =mny-ng = [R(7) : K],
and, because £(aP) is a subfield of &(«),

(7.) mq 2 niy, M é no.
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If now x(x) = ™2 + byz™2~! + ... 4 by, is the irreducible function of the field £(«a) that
has v as a zero, then 47 is a zero of ™2 + b{z™m2~1 ... + bh,,, and the coefficients of this
function belong, as is easy to see, to the field K(aP). Hence

n2 = [R(7) : K(a”)] = [R(Y?) : K(a?)] = mo,

hence on account of (7.), (6.) ma = n2, m; = ni. The elements a and af are therefore of the
same degree with respect to R Therefore R(af) = R(«), hence « is an element of the first
kind, q.e.d.

7.  Every finite extension of the first kind is simple.

For if £ is a finite extension of the first kind of &, then we can put £ = R(&), where &
contains only finitely many elements (§ 7, 6.), and since these are all of the first kind, £ is
simple with respect to 8 by § 11, 4.

E 90

8. A field R(S) that arises from K by adjunction of a system & of algebraic elements
of the first kind is an extension of the first kind.

For if & is a finite system, this follows from § 11, 4. and Theorem 6. of this section; but if
G is infinite, the same follows with the addition of § 2, 3.

9. If the field £ lies between K and M and if £ is of the first kind with respect to R,
M with respect to £, then M is of the first kind with respect to K.

Proof: Let § be an arbitrary element of 9. By § 7, 9. § is algebraic with respect to
R. To prove 9., we have only to show that J is of the first kind, hence of exponent 0 with
respect to K. If we first denote the exponent in question by f, then by 1. 57" is of exponent
0 with respect to K. With respect to £, § is by hypothesis of the first kind, from which by
5. £(5) = £(67) = £(67°) = -+, hence £(8) = £(6?") follows. The field £(5?") is obtained
from K by adjoining all elements of £ as well as 57" But since these elements are all of
the first kind with respect to K, by Theorem 8. the same holds for all elements of the field
2(5pf) = £(0), hence also for 9, g.e.d.

Let £ be an arbitrary field, £ a finite extension of the first kind of & Then the extension
is simple, and any primitive element o of £ is a zero of a function (z) that is irreducible in
R and of the first kind. It may be that ¢(x) already breaks up completely in £; then we put
£ =M. Otherwise we denote by 91 an extension of £ that just suffices to decompose ¢(x)
completely. Then 9 arises from £, and, since £ = K(«), also from K alone by adjunction of
zeros of the function p(z), is therefore a finite extension of the first kind of £ and moreover
normal with respect to R (§ 8, 6.). If therefore j; is a primitive element of 91 (with respect to K)
and g(x) the irreducible function from & with the zero ji, then in 91 we have a decomposition

9(@) = (z—j1) - (x—j2) - (z = Jn).
Here the elements ji, ja, . .. j, are different from one another, and
N=R(1) = R0j2) == R(n); M: K] =n.

Since j1, j2, - - . jn are zeros of the same irreducible function from K, one obtains an isomorphic
correspondence 7, (k = 1,...n) of M with respect to itself, in which every element of £
remains unchanged, if in every element of 91 that one imagines written in the form

(8.) co+erji ot en—1gp !
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with coefficients from K, one replaces j; by ji (§ 6). Let the system of these n isomorphisms
(the Galois group) be denoted by &."“' Now let 90t be any field between & and 91, [ : &] = m,
B = (j1) a primitive element of 9, represented in the form (8.), and h(x) the irreducible
function from K with the zero 5. Since the isomorphisms 73 leave the element 0 unchanged
and carry 5 = 1(j1) into ¥ (ji), it follows from 0 = h(5) = h(1(j1)) that also h(¢(jx)) = 0.
The function

f(@) = (@ =) - (x = (2) - (& = (n))

belongs to the field &, since its coefficients are symmetric in the zeros ji of g(x), and its zeros
are, by what precedes, all zeros of the irreducible function h(z). Therefore f(x) can have in 8
no irreducible factor except h(x), and, in view of the degrees of f(x) and h(z),

Hence among the elements 1(j;) exactly /- are equal to § = 9 (j1); there are thus among
the isomorphisms 7 exactly ;- that leave the element (3, and consequently every element
of R(8) = M, unchanged. Let $ be the system of these * isomorphisms. — If M’ is a
second field between £ and 9N, then to M’ there belongs a system $)’, consisting of all those
isomorphisms 7 that leave all elements of 9V unchanged. Let us assume that $) is identical
with §. If then § is an element of M, the isomorphisms belonging to $) leave all elements of
M as well as §, hence also all elements of the field 9t(J), unchanged. If we put

[9(3) < ) =

then [M(0) : K] = m - u. By what precedes, therefore, the number of isomorphisms 7, that
leave all elements of 9t(J) unchanged is equal to mi.u, and since all > isomorphisms from
$ belong to them, it must be that u = 1, 9(§) = M, hence J is an element of M. Since §
denoted an arbitrary element of 9V, 9 is accordingly a part of 9, and, since the converse
can be proved in the same way, 9 = 9. Accordingly, different fields 91 between & and N
have different subsystems §) of the system &;"”? but the number of subsystems of & is finite,

so only finitely many fields lie between £ and 1, and hence also between £ and £. l.e.

10. Between a field 8 and a finite extension £ of the first kind there lie only finitely
many fields.

Since, further, all algebraic extensions of a perfect field are of the first kind, it follows that:

11.  Between a perfect field and a finite extension of it there lie only finitely many
fields.

§14.

Imperfect fields: Arbitrary algebraic extensions, theorem of primitive elements
and theorem of intermediate fields.

The theorems named in the heading hold, by § 11, 5. and § 13, 11., for every perfect
field. “?? There are, however, certain imperfect fields in which these theorems still hold as
well. To investigate more closely the questions connected with this, we must now, having
examined in § 12 and § 13 two special kinds of algebraic extension, namely the root fields and
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the extensions of the first kind, consider arbitrary algebraic extensions. First it turns out that
every such extension is composed in a definite way of two special ones:

1. If £ is an algebraic extension of the imperfect field R, then there is between K and
£ a definite field £y of such a nature that £g is of the first kind with respect to R, £ a root
field with respect to £o. £o consists of all elements of £ that are of the first kind with respect
to R.

For if £y denotes the system of all elements of the first kind from £, then the field K(£o)
contains, by § 13, 8., only elements of the first kind, and is therefore identical with £q; £g is
consequently a field between & and £. If further § is any element from £, f its exponent with
respect to K, then 57" is of the first kind, hence an element of £y, and consequently ¢ is a
root element of £3. This field £y is the only one that has the properties required under 1.
For if £{ has these properties, and the element § of £ is of the first kind with respect to &,
then § is also of the first kind with respect to £f, and since ¢ is at the same time to be a root
element of £, J itself must belong to the field £{. £{, must therefore comprise all elements of
the first kind, hence be identical with £o.

2. If £ is an algebraic extension of the imperfect field K, f an integer = 0, then the
system £ of those elements of £ whose exponent is < f is a field (between 8 and £).

First, this is the case for £y by Theorem 1. Next, the requirement that the exponent
of an element a of £ be < f is equivalent to the requirement that a?’ have exponent 0,
hence be an element of £y. If therefore a and b are elements of £, then a?’ and bpf, and
consequently also the sum, difference, product and quotient of a?’ and bpf, are elements of £g.
These combinations, however, are the p/-th powers of a + b, a — b, a - b, 7+ Therefore these
four elements again belong to the system £, and this is a field.

3. If one adjoins to an imperfect field R a system & of algebraic elements whose
exponents do not exceed the number f, then the exponents of all elements of R(S) are < f.

For if & denotes the system of all elements of £(&) whose exponents are < f, then &' is
a field by 2., and since all elements of & and & occur in &', &' = R(6).

Exponent and reduced degree of a finite extension.””” — Let £ be a finite extension of an
imperfect field & Then there is an integer f = 0 such that £ contains elements of exponent
f, but none of greater exponent.”“® We call the number f the ezponent of £ (with respect to
RK). If further £y is the subfield of £ that is formed by the elements of the first kind, and if
[£0 : 8] = n, then we call the number n the reduced degree of £ (with respect to 8). — If now
¢ is an element from £ of exponent f, then of the powers

PR L

only the last is of exponent 0, hence an element of £9. Therefore [£4(d) : &] = n - pf, hence
n-pl is a divisor of [£: K]. BT If further 7 is an arbitrary element of £, nj its reduced degree,
f1 its exponent, then f; < f, npfl is an element of £y, ny is equal to the degree of npfl, hence
a divisor of n. Since n; - p/* is the degree of 7, it follows:

4. If £ is a finite extension of the imperfect field K, n its reduced degree, f its exponent,
then the degree of £ (with respect to ) is a multiple, the degree of every element of £ a
divisor, of the number n - p7.
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If £ is a simple extension, then the primitive elements have the same degree as £ itself;
this degree must therefore by 4. be equal to n - p/, and then f represents the exponent, n the
reduced degree, of each primitive element.

As before, let £ denote a finite, not necessarily simple, extension of the imperfect field R,
and let £o,n, f retain their earlier meaning. In £ there are elements of exponent f, likewise
elements of reduced degree n; for the field £y is of the first kind, hence has primitive elements.
The degree of such an element is n, and since it is of the first kind, n is also its reduced degree.
The question arises, however, whether one can always find in £ an element that is at the same
time of exponent f and of reduced degree n. For an understanding of the structure of finite
extensions it is important to show that there always are such elements. We therefore now
want to prove, in supplement to 4., the theorem:

5. If £ is a finite extension of the imperfect field R, n its reduced degree, f its exponent,
then there are in £ elements of degree n - p’.

We first remark that the field K, because it is imperfect, has infinitely many elements. In
such a field K, however, the theorem holds that for an integral function F', different from 0, of
n indeterminates tg,%1,...t,_1, one can substitute for these indeterminates such elements of
R that the resulting element of R is likewise # 0. One shows this in a known manner first for
n = 1, where one relies on the fact that infinitely many values are available, but the number
of zeros is at most equal to the degree of the function; then in general by the inference from
n ton+ 1. — We now make use of this fact. Taking up again the earlier designations, we
choose from the field £9 a primitive element v, from the field £ an element ¢ of exponent f
(in case f = 0,"" any element ¢ different from 0), and put —,

Of the powers

(1) 9,0P,...6" =n

the last is then the only one that belongs to £9. The elements

n—1

(2.) &1

form a basis of £9, and since 7 is of the first kind, so that £y = &(7) = &(*) = R(1*") =
cee = ﬁ(’ypf),E”” and hence fypf is a primitive element of £y, and since 1 # 0, the elements

f f _ f
(3.) n, AP, meA®, opeynTbP

also form a basis of £y3. We now introduce 2n indeterminates %, ...t,_1;ug, ... up_1 and form
the two linear forms:

(4.) €=ttt + 2t + ",

(n—1)pf

(5.) ¢ =nuo+ " Ay ug 4 -y g,

Then £ as well as ( represents every element of £y once, if we substitute for the ¢’s or u’s
respectively all elements of 8. For every non-negative integer k, (¥ represents an integral
homogeneous function of the indeterminates u with coefficients from £q. If we express these
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coefficients in terms of the basis (3.) and then arrange the expression according to the elements
of this basis, we obtain

(6.) CF = nApo+ " A+ Ay 4y,

Here the A are integral homogeneous functions of the u with coefficients from R, and the
same holds for the determinant

‘Akl‘ (kz,l:O,...n—l).

If we substitute for the indeterminates v any elements of &, then ( becomes an element of £,
|Ag| an element of K, and indeed equal to 0 only if the elements

e, ¢ ¢t

become linearly dependent (with respect to 8). But since we can choose the u such that ¢
becomes primitive, |Ag|, regarded as a function of the indeterminates u, is different from 0.
Therefore |Ay;| passes into avfunction A, different from 0, of the indeterminates tg,...t,_1 if

! !
we replace ug, ... up—1 by th ,...t0_ . After this substitution, as is evident from (4.), (5.),

(7.) ¢ =nev’.

If we now substitute for to,...t,—1 elements of & such that A # 0 (and, in the case n = 1,
we assume to # 0),” 'Y then ¢ = 77§pf becomes a primitive, and £ an element, different from
0, of £9. The element ¢ - £ of £ has exponent f; for since of the elements (1.) only the last
belongs to the field £y, but £ is an element of £y, it likewise follows that of the powers

(8.) s¢, orer, ... o e = e’

only the last is an element of £p, hence of the first kind. Further, the elements (8.) all have
the same reduced degree, and since ngpf is a primitive element of £y, the reduced degree of
5¢ is equal to n. Accordingly, the degree of 6¢ is equal to n - pf, and this proves 5.

From 5. and § 7, 5. it follows immediately:

I. A finite extension £ of an imperfect field & is simple if and only if [£: &] = n - p7,
where n denotes the reduced degree, f the exponent, of £.

Again let £ be an arbitrary finite extension of the imperfect field &, and 91 a field between
R and £; let n and m denote the reduced degrees of the fields £ and 9, and f and g their
exponents. Then g < f,

9.) [0t : R] = mpY.

Further, for every non-negative integer r let £,, respectively 91, denote the field of those
elements of £, respectively 9, whose exponents are < r, so that

L£r=2£, M, =<0\,
[£o:Rl=n, [Mo:R=m
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and every field 9, becomes a subfield of £, '"1. £y is of the first kind with respect to £,
hence also with respect to 97y, consequently simple. A primitive element v of £y is hence a
zero of an irreducible function ¢(z) from Mg, of degree > and of the first kind. But o(x) is
also irreducible in the field 9t = 9t,. For suppose that in 9t we had a decomposition

(10.) p(x) = x(z) - (),

and let @(z),X(x),1¥(r) denote the functions that arise from ¢(x), x(z), ¥ (x) by replacing
each coefficient with its p9-th power; then from (10.) the equation

(11.) P(z) =X(2) - ¥ ()

would follow. Now since the exponent of every element of 91 is < g, so that its p-th power is
contained in My, by (11.) P(x) would be reducible in the field My. But this contradicts the
theorem of § 13, 2. Thus ¢(x) is also irreducible in 9, consequently [y : M| = 2 and by (9.)

n

(12, (7 : & = (02 8] = - p,

m
Since 9 is of exponent g and «y of exponent 0, by 3. M(+) is of exponent g, hence a part of the
field £4, which comprises all elements of £ whose exponents are < g. — The field £ contains
elements of exponent f, hence elements of every exponent < f (§ 13, 1.). Consequently, of
the fields

£0,L1,...£,=2¢

each is only a part of the next.
Let us now assume that £ is simple with respect to 8. Then by I [£ : R] = n - p!,
[£: £o] = p/, hence

[2r+1:£r}:pv (’I":O,...f—l)
(13.) (Lg: Rl =n-p.

But since M(7) is a subfield of £, it follows from (12.), (13.):
m("}/) :’an %[mﬁ] :n-pg, [mﬁ] :m.pg‘

By I, however, this states that 91 is a simple extension of K. Hence we have the theorem:

II. If £ is a simple algebraic”) extension of 8, then every field between £ and £ is
also simple with respect to R.

The field 9 contains only such elements of £ whose p9-th power belongs to 91, but it
must also contain all these elements. For, to begin with, these elements form a field M (see
Theorem 2.) between M and £; by II M must contain a primitive element §. Since then
67’ belongs to Mo, [ : K] = [§ : Mo] - [Mo : 8] < p7 - m, hence M = M. Every field M
between K and £ is thus uniquely determined by the field 9 of its elements of the first kind
contained in it and by its exponent g. Now ¢ < f; and since 9 lies between & and £y, and
Lo is an extension of the first kind, by § 13, 10. only finitely many fields come into question
for My as well; consequently there can be only finitely many fields between K& and £.

) Exactly the same holds, however, also for simple transcendental extensions (theorem of Liiroth, see § 24).
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We now drop the hypothesis that the finite extension £ is simple, but assume instead that
the number of fields between R and £ is finite. Since the p-th power of every element of £,
(0 < r £ f) belongs to £,_1, [£, : £,_1] cannot be > p, because otherwise infinitely many
fields would already lie between £,_; and £,, contrary to our hypothesis (§ 11, 6.). Since, on
the other hand, £, is only a part of £,, [£, : £,_1] = p, hence

[2:5%]:[Sf:ﬂo]-[ﬂozﬁ]:n-pf,

which states that £ is simple with respect to K. Together with the earlier results (§ 11, 3.,
§ 11, 5., § 13, 11.) “'92 this proves:

III. In order that only finitely many fields lie between an arbitrary field R and an
extension £ of it, it is necessary and sufficient that £ be algebraic and simple with respect to
R.

In conclusion we prove further:

IV. The theorem of primitive elements and the theorem of intermediate fields (§ 11)
hold, besides for perfect fields, also for those imperfect fields R of characteristic p that are
finite and of degree p with respect to 8. For the other imperfect fields they do not hold.” "’

For, first, let us assume that the stated theorems hold for the imperfect field & of
characteristic p, and let us form, as in § 12, the extension field £ = ﬁpil, so that £P = R.
If then a is an element not belonging to K, and b an arbitrary element, both of £, then
[R(a) : 8] = p, but also [R(a,b) : R] = p. For if [R(a,b) : 8] > p, then, because the p-th powers
of all elements of £(a,b) belong to K, by § 11, 6. infinitely many fields would lie between £
and R(a,b), and the extension would not be simple. Since this contradicts our assumption,
[R(a,b) : K] = p = [R(a) : K]; the element b hence belongs to K(a), and since b was an arbitrary
element of £, £ = R(a), hence [£: £P] = [R(a) : K] = p, and, because £ is isomorphic to &,
also [R: RP] = p.

Second, let us assume that [R : K] = p, and let us denote by £ any finite extension of
R, by f its exponent, by n its reduced degree. If then £, has the earlier meaning, and if we
let every element of £, correspond to its p-th power in £, then we obtain an isomorphic
correspondence between £, and £ in which £ is mapped isomorphically onto 8. From this
it follows, as one sees at once,

(£, : R] = [£P: RP]
and from that
(L LR 1L, - Rl =[£,: L8] - [€L: RP] = [£, : RP] = [£, : 8] - [R: 8] = p[&, : R,
hence
(14.) (£, : L8] =p.

Now let 0 < » < f. Then £,_1 is only a part of £,; on the other hand the p-th power of every
element of £, belongs to £,_1, i.e. £, lies between £F and £,, and from (14.) it follows
that £,_; = £ and thus

[Sr : Sr—l] =P.

From this, however, it follows further that
[: 8] =[5 : L] [Lo: A =np’.

This equation, however, expresses that £ is simple with respect to K, q.e.d.
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§15.
Finite fields.

By a finite field we understand a field of finitely many elements. ™ '"* If 8 is a finite field,
then the prime field 8 contained in R is also finite, the characteristic of K therefore a prime
number. Further, & must be finite with respect to its prime field. If, on the other hand, &
has the characteristic p, and if £ is finite with respect to its prime field B, =B, [R: P] = n,
and if the elements aq, ... a, form a basis of & with respect to 3, then every element of R is
represented once in the form

cirai + c2a9 + - -+ + cpap

if we let c1, ... c, range over all elements of the prime field. K therefore consists of p” elements.
Accordingly the number of elements of a finite field is always a prime-number power. If, again,
an arbitrary prime-number power p” is given, and if we make an extension of the prime field
B, that just suffices to decompose the function 2P" — 2 completely, then the following results:
In the extension field & the function 2" — z has p” distinct zeros, because its derivative is
ptexP" 1 — ¢ = —¢ and hence relatively prime to 2" — z. If further a and b are any two zeros
of #P" — x, then it follows from a?" = a, b*" = b that (a + b)P" = a?" £ " = a + b, likewise
(a-b)P" = a-b, (%)pn = ¢ holds, which says that the zeros of " — z form a field of p"
elements. If, on the other hand, £ is a finite field of p™ elements, then p is its characteristic, n
its degree with respect to the prime field. £ is absolutely algebraic, and likewise every element
a of R is absolutely algebraic, its absolute degree m a divisor of n. By § 12, 4. the sequence

2
a,al,a’ ...

consists of a period of m distinct elements; therefore for every exponent f divisible by m
we have a?’ = a, hence also a?" = a. Consequently the p” elements of £ are the zeros of
the function 2?" — z, and £ represents an extension of the prime field that just suffices to
decompose the function zP" — x completely. But since all extensions of a field that just suffice
for the complete breaking up of a given function are equivalent, all fields of p™ elements are
isomorphic. Thus we obtain:

1. The number of elements of a finite field is a prime-number power, and every
prime-number power p" is the number of elements of one and only”) one field type; p is its
characteristic, n its absolute degree.

We will denote this type by €, .

In order for a field €, , to be contained in a field K of characteristic p, it is necessary and
sufficient, by what precedes, that the function zP" — z break up into linear factors in & The
p" zeros of 2P" — x then form the field. From this we obtain first:

2. A field cannot contain more than one subfield of the type €,,, (for given n).

If d is a divisor of n, then p? —1 is a divisor of p —1," "% therefore e x(mptl —g)
is a divisor of 2P" —z = z(2?"~1 —¢). So if the field & contains a field &, then the function
2P" — z, and hence also the function P — x, breaks up into linear factors in K. Hence we
have the theorem:

) This was probably first stated and proved by Moore (Math. Papers read at the intern. math. congress,
Chicago 1893, (New York 1896), p. 210fF.).
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3. If a field & contains a field €y, then it also contains fields of all types €, 4, where
d denotes a divisor of n.

A further consequence of 2. and 3. is:

4. A field €, has as many subfields as the number n has divisors, every divisor of n
denotes the degree of a subfield;” "

further:

5. If the field & contains a field €, ,,, then this consists of all those absolutely algebraic
elements of K whose degree is a divisor of n.

For, first, every element of €,,, is absolutely algebraic and its degree a divisor of n. If, on
the other hand, a is an absolutely algebraic element of & and its degree d a divisor of n, then
the field P, (a) contained in R is of the type €, ; and, since K contains only one field of this
type, is identical with the one that &, , also contains. Hence a is an element of €, ,,.

Let K be an arbitrary field of characteristic p; let @ and b be absolutely algebraic elements
of R, m and n their degrees, m relatively prime to n, ¢t the degree of a + b. Then (§ 12, 4.)

a+b _ (a+b)ptn _ aptn +bptn _ aptn +b’

hence
tn
a=a’

from which it follows that m goes into tn, hence also into t. We show likewise that n goes
into ¢, and that t is consequently divisible by m - n. On the other hand

(a + b)pmn _ apmn + bpmn —a+ b’

hence mn is divisible by ¢, consequently ¢t = mn. This result can at once be extended to sums
of more than two elements, and thus we obtain:

6. If ai,as,...a, are absolutely algebraic elements of a field of prime-number
characteristic, and if their degrees are relatively prime to one another, then the degree of
a1+ ag + - -+ a, is equal to the product of these degrees.

From this we draw some simple consequences: If

represents the decomposition of the natural number n into powers of distinct prime numbers,
then a field of the type €,,, contains a subfield 2 of absolute degree ¢;* (i = 1,...v), and this
in turn a subfield B of degree ¢; =1 1f g; is an element contained in 2 but not in B, then the
degree of a; is a divisor of ¢/ but by 5. not a divisor of ¢/i ', consequently equal to g/*. We
can therefore take v elements aj,as, ...a, of the degrees ¢i*, ¢3?, ... ¢} from the field &, ,,.

The element a; + ao + - - - + a, is then of degree n, hence primitive, and thus it is proved:

7. FEwvery finite field is simple with respect to its prime field, and therefore the prime
field contains irreducible functions of every degree n.

Let the field K of characteristic p contain the fields €,,, and €&, ,,, let n be the least
common multiple of n; and ng, and let equation (1.) represent the decomposition of n into
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prime-number powers. Then ¢;* (i = 1,...v) goes into at least one of the numbers ny,ng, &
therefore contains a finite field of degree ¢;*, hence also an element a; of this degree. If we
determine one such element for each i = 1,...v, then a = a; + as + - - - + a, is an element,
and P, (a) a field of absolute degree n." " Hence:

8. If the field R contains finite fields of the (absolute) degrees ni,ny and if n is the
least common multiple of n1 and no, then K also contains a field of degree n.

On the basis of Theorem 7. we can fill the gap that remained in the proof of § 11, 4., where
the case of a finite field had been excluded. For if we extend a finite field K by adjunction
of finitely many algebraic elements «, 3,7, ... to a field £, then £ is finite with respect to g,
hence also with respect to the prime field, consequently a finite field. By 7. there are elements
¢ in £ such that P,(£) = £, and hence also R(§) = £. £ is therefore simple with respect to &,
and since 8 is a perfect field, " '"® € is a zero of an irreducible function of & with simple zeros.
Hence:

9. The theorem § 11, 4. holds also for finite fields.” "’

Every element of the field &,,, satisfies, in the prime field B, = €&, 1, an irreducible
equation g(x) = 0 whose degree is a divisor of n. So if we decompose the function zP" — z,
whose zeros are all the elements of €, ,, into irreducible factors in 3,, then these are all
distinct, and their degrees are divisors of n. But conversely, every irreducible function g(x)
from P, whose degree d goes into n must also be contained among the factors of aP" — z. For
if £ denotes an extension of P, that just suffices for the breaking up of g(x), and if a is a
zero of g(x) in £, then P, (a) is a field €, 4 and contains by 5. all elements of £ whose degree
is a divisor of d, hence also all zeros of g(z). From this it follows that B,(a) = £, and the
function 27" — x, which has all the elements of P, (a) = &, g = £ as zeros, must be divisible
by g(x). g(x) therefore also goes into 2P" — z, and we obtain the theorem:

10.  The function xP" — x represents the product of all irreducible functions of the
prime field P, whose degree is a divisor of n.

§16.
The absolutely algebraic fields of prime-number characteristic.

Let p be an arbitrary prime number, but one fixed once and for all for the discussion
that follows. — We now wish to consider the absolutely algebraic fields of characteristic p.
To these belong all finite fields of characteristic p, which are characterized by being finite
with respect to the prime field 8. In the more comprehensive area of all absolutely algebraic
fields of characteristic p, the same laws are found, in the main, as in the narrower area of
finite fields. To bring this out more clearly, we denote all the prime numbers in their natural
sequence by q1,q2,¢s3, ..., so that

@1 =2,¢2=3,q3=05,...

holds. Then every natural number is represented in one way in the form
oo

(1) II4"
i=1
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where the exponents s are integral non-negative numbers of which only a finite number are
different from 0. We now wish to consider more generally all (symbolic) expressions of the
form (1.) in which for each exponent »; we may put, as we please, 0 or a natural number or
also the sign oo, and for these expressions, which we call G-numbers (G =Grad), and which
include the natural numbers as well, we stipulate the following, in agreement with the laws
that hold for natural numbers: Two G-numbers

m=1g", n= Hqi)‘i

are called equal if and only if »; = \; for every i. m is called divisible by n, a multiple of
n, ete., if \j < s for every i. Here oo counts as greater than every other exponent. If m is
divisible by n, then we also form the quotient, by stipulating that

m _ Hq;’fi*)\i
n
shall hold, where s¢; — A; is to be put equal to 0 if 3; = 0o, A\; = 00, equal to oo if 3; = o0
but A; is finite. It follows at once that all G-numbers are divisible by 1, and that all go
into the G-number all of whose exponents s; equal co. If we have any system of finitely or
infinitely many G-numbers, these always have a greatest common divisor t, into which all
common divisors go, and a least common multiple v, which goes into all common multiples.
The exponent of ¢; in t is equal to the smallest exponent that g; has in the given G-numbers,
the exponent of ¢; in v equal to the greatest of these exponents or, if no such exponent exists
— that is, if no exponent of ¢; equals oo, but every finite number is exceeded by some of these
exponents —, equal to oc.

If m is any G-number, then the natural numbers that go into m form a system & of the
following properties:

1) If n is a number from &, then every divisor of n also belongs to &.
2) If ni,ne are numbers from &, then their least common multiple is also a number

from &.B110

The number m is then in every case the least common multiple of all numbers from &,
and is therefore in turn completely determined by the system &. Conversely, if we have
any system & of natural numbers that has properties 1) and 2), and m is the least common
multiple of all numbers from &, then & consists of all the natural numbers that go into m.

Now let R be any absolutely algebraic field of characteristic p. The degrees of the finite
fields contained in & then form a system & of natural numbers that, by § 15, 3. and 8., has
properties 1) and 2). Let m be the least common multiple of the numbers from &. If m is a
natural number, then R is a finite field of degree m. If, conversely, & is a finite field, then m
represents the degree of this field. But we now also wish, in the cases where R is not finite and
accordingly m is not a natural number, to call m the (absolute) degree of 8. The following
therefore holds:

1. Ewvery absolutely algebraic field of characteristic p has a definite degree, which is a
G-number.

The following theorems also hold, as we have yet to show:

2. There is an absolutely algebraic field of characteristic p whose degree is equal to an
arbitrarily prescribed G-number.
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3. All absolutely algebraic fields of the same characteristic p and of the same degree
are isomorphic.” 111

In order to arrive at a proof of 2., we undertake a numbering of the integral functions with
integer coefficients reduced mod. p. By the number v of such a function

(2.) f(x) = ana™ + an_12"" + - + ao,

in which, therefore, the coefficients are numbers from the series 0,1,...p — 1, we understand
the number f(p), so that

(3.) v =app"” +an_1p" "+ +ag

holds. ™ ''? Then not only does each of the functions considered here have a number > 0, but
also every integer = 0 represents the number of one and only one of these functions. For the
equation (3.) is, after all, nothing other than the representation of the number v in the system
with the base p. We then transfer this numbering to the integral functions of a prime field
P =P, that is, to all the elements of P[z], which, after all, are also uniquely represented in
the form (2.). Here, as is seen at once, of two functions of different degree the one of smaller
degree also has the smaller number, and among the functions of the same degree those in
which the coefficient of the highest power is the unity have smaller numbers than the others.

If n is any natural number, then there are, as we know, irreducible functions of degree
n in P. Among these let the one with the smallest number be denoted by ¢, (z). If d is a
divisor of n, then there are in a finite extension field &, ,, n elements j, ji,. .. j,—1 that satisfy
the equation ¢, (z) = 0, and d elements that satisfy the equation pg(x) = 0. The latter can
be represented as integral functions of j whose degree is < n and whose coefficients belong
to B. In the language of congruences we can express this thus: There are in P d functions
X1(z), ... xq(x) whose degree is < n and for which

va(xi(z)) =0 (mod. vyn(x)) (i=1,...d)

holds. Among these we denote the one of smallest number by 14, (x). Then we can say: If in
an extension field of P the element j is a zero of ¢, (), then 14, (j) is a zero of p4(x). vn(x)
and 4, (x) are, for every natural number n and every divisor d of n, well-defined functions
from P that can easily be computed for any given n,d. Let it further be pointed out that
p1(x) = x, Y¥1,(x) = 0 holds, while g, (x), as soon as d > 1, is at least of the first degree.
tnn(x) becomes equal to x for n > 1.
Now let any G-number
m = Ilg”

be given. If we denote for every natural number n by r, the greatest common divisor of n!
and m, then

(4') T1,72, ...

form a sequence of natural numbers each of which goes into the following ones. A natural
number n that goes into m also goes into r,, since it goes into n!. But a number that does
not go into m cannot go into any of the numbers (4.) either. Consequently: The system & of
the natural divisors of m is identical with the system of the numbers that go into numbers of
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the sequence (4.). If we disregard the case, already settled, that m is finite, i.e. a natural

number, then the numbers (4.) will grow beyond all bounds. By leaving out elements from

(4.) we can bring it about that an infinite sequence of numbers remains in which already the

first element is > 1 and no two are equal to each other. This sequence of numbers still has the

properties on which alone we rely, namely that every number goes into the following ones, and

that the natural numbers going into numbers of the sequence are exactly the divisors of m.
We now introduce a system of elements

71,72, .. in inf.

by decreeing that j, shall be a zero of the function ¢, (x) — for which we also write g,,(z).
Then PB(j,) = K, represents a finite field of degree r,. We thus obtain a system of fields

ﬁlaﬁ%"'?

which at first have nothing to do with one another. If we replace the function sign vy, ..,
by ¥, pt1, then ¥, 1 (jny1) represents a zero of @, (z), and we therefore have a uniquely
determined isomorphic correspondence between £, = P(jn) and the field B(¢,, 11 (Jnt1))
contained in Ry 1 = P(jnt1), in which the element j, and the element v,, ,, 1 (jnt1) correspond
to each other. Therefore we may stipulate that j, = ¢, ,,,1(jns1) shall hold, without the
relations that have so far held between the elements thereby losing their validity. By this
stipulation, which shall hold for every n, however, every field of the series

(5.) Ro =P, &, R, ...

becomes part of the following one. The totality of all elements that occur in these fields
represents a field £, and we can easily show that this field has the desired properties. First it
is clear that £ is an absolutely algebraic field of characteristic p, because this holds for all
fields from (5.). If further n is a natural number that goes into m, then n goes into r,, and
the field K, whose degree is r,,, has a subfield of degree n, which is also a subfield of £. But
if n does not go into m, hence also into no number r,,, then none of the fields K,, contains an
element of degree n; hence £ also contains no such element, hence also no field of degree n.
Therefore m is the degree of £.

We now come to the proof of 3. and assume that besides the field £ just constructed, a
second one, £/, is given, which, like £, is absolutely algebraic and has the characteristic p and
the degree m. Then it is to be shown that £ and £ are isomorphic. — In this proof we may,
as is easily seen, presuppose that the prime field of £ is identical with that of £. Since each
of the numbers r,, goes into the degree m of £, £ has, by hypothesis, a finite subfield K], of
degree 1, and therefore the function @, (z) irreducible in 9, whose degree is 7, must break
up into linear factors in £'. We now imagine any system of elements

il,iz, ... in inf.

picked out from £ in such a way that i,, becomes a zero of B, (z).”) ”'"® From this system we
now wish to derive a second such one

N . .
J1:J9, .. ininf.

) It is here, for the first time, that use is made of the principle of choice. It can in no way be avoided in the
proof of the present theorem.
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in a uniquely determined way. For this purpose we stipulate that ji = i1 shall hold, and give
a method by which j;,,; is determined when the elements ji, ... j;, are already determined.
Now iy,41 is a zero of the function $,,,(x) irreducible in B; therefore every power iﬁil also
represents a zero of @, 1(x), and we obtain every zero once if we give the exponent f the
values 0,1, ... (1,41 — 1). Further it follows from ©,, 1 (in+1) = 0 that v, , 1 (in+1) is a zero
of @, (z). By

6.) (Gpsr (in1))”

every zero of g, () — hence, in particular, j/, — is represented once if the numbers 0, 1, ... (r,—
1) are put for f. Let v be that one among these numbers for which the expression (6.) becomes
equal to j;,. Then we wish to stipulate that j;, ; = iﬁ:l shall hold. Since v, ,,,(z) is a
function in the prime field, we have

In = @it (s ) = D1 (i41) = Pruya (),

and we therefore have for every n the equations

(7) @n(];L) = 07 j;z = an,nJrl(j?/@Jrl)'
Of the fields of the series
(8.) P, K =BG, K=P0), -

each is contained in the next, and all are subfields of £'. But every element from £’ also
occurs in fields of this series. For the degree of an element of £’ is a divisor of m, hence a
divisor of a number r,,, and the field &, whose degree is r,,, comprises (§ 15, 5.) all elements
of £ whose degree goes into 7,. Since now the element j, of &, and the element j/ of K,
are zeros of the same irreducible function ,,(z) from B, there exists a definite isomorphic
correspondence 7, between K, = B(j,) and K, = P(j},), in which the elements j, and j,
correspond to each other. From

Jn = @n,n—i—l(jn-i-l)’ j;l = @”1”4'1(‘7‘7/1"'1)

it follows further that the correspondence m, 1 comprises the correspondence m,. But from
this it results at once that by the isomorphisms

T, T2y e v

a one-to-one and indeed isomorphic correspondence between £ and £’ is established. This
proves Theorem 3.

We now wish, even when m is an infinite G-number, to denote by €&,,, an absolutely
algebraic field of characteristic p and of degree m. The degree m was defined as the least
common multiple of the degrees of the finite fields contained in &, ,,, or, what amounts to the
same thing, of the degrees of the elements of &, ,,; and the system of these degrees is identical
with the system of the natural numbers going into m. On this basis we easily show:

4. If one adjoins to the prime field B, a system & of algebraic elements, then there
arises an absolutely algebraic field &, ,, whose degree m is equal to the least common multiple
of the degrees of the elements of ©.
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For let m’ be this least common multiple. Then m, being the least common multiple of
the degrees of all elements of &, ,, is divisible by m’. Now, first, if & is a finite system, then
Epm = Pp(6) is a finite field and contains a field &,,,,. But all elements of €, ,, whose
degree goes into m’ belong to this field. Since all elements of & belong to these, we have
€pm' = €pm, hence m’ = m. — If the system & is infinite, o an element of &, ,,, n its degree,
then we can determine a finite subsystem &’ of & such that « is contained in the finite field
Pp(S&’). n then goes into the degree of P,(&’), and this, by what precedes, is equal to the
least common multiple of the degrees of the elements of &', hence a divisor of m’. Thus n
goes into m’, and m’ is therefore the least common multiple not only of the degrees of the
elements of &, but of all elements of &, ,,. Hence again m’ = m.

If a field K& contains a field €,,, and if the natural number n goes into m, then &, ,
contains a finite field &,,,, which in turn contains all elements of degree n occurring in &
(§ 15, 5.). On the other hand the degree of every element of &,,, must go into m. &, ,,
therefore consists of all absolutely algebraic elements of & whose degree goes into m. This
is the theorem § 15, 5. in its extension to all absolutely algebraic fields of prime-number
characteristic. From this it follows at once that the theorems 2., 3., 4., 8. of § 15 also hold
generally in the domain of the absolutely algebraic fields of prime-number characteristic.

Let m and m’ be two G-numbers, m divisible by m/. Then a field &, ,, contains a field
€, m/- Now let a be an element of &, ,,, n its absolute degree. The absolute degree of the
field €, () is then, by 4., equal to the least common multiple v of m’ and n. If now m' is

finite, then v = [&, (@) : P] = [ : €] - M, [ € ] = 7, or finally
n
(9) [Oé . €p7m/] — W’

where again (n, m’) denotes the greatest common divisor of n and m’. But the same equation
holds also when m’ is not a natural number. For if in this case v denotes any natural number
going into m/, then &, ./ contains a subfield €, ,, and by (9.) we have
n

(n,v)’

On the other hand v can be so chosen that [a : &, ] = (HLV) holds. For the irreducible
function f(z) from €&, ,,, which has « as a zero belongs to a finite field, namely the one which
arises from P by adjunction of the coefficients of f(x). If v is the degree of this field, then
a: €] =la:€,,] = ﬁ Therefore [a : €, /] is equal to the minimum of the expression

a: € | Sfa: €] =

(71717)7 and this occurs when (n, v) reaches its maximum. Since v must be a divisor of m/, this
cannot be > (n,m’), but this value is also reached, namely for v = (n,m’). Therefore the
equation (9.) holds generally.

We now consider the fields €, between &, v and €, ,. Every G-number k which is a
multiple of m’ and a divisor of m represents the degree of such a field. If this is finite with
respect to &, ,/, then it is also simple (§ 11, 5.; § 12, 5.). If, then, « is an element that
is primitive with respect to €, ,,,» and belongs to &, ;, n its absolute degree, then by what

precedes
n

ok Chpy] = ——.
[ pvk p,m ] (n’ m/)

If all fields €, . finite with respect to &, .,/ are taken into consideration, then n can be every
natural number going into m. But the totality of all numbers of the form W is (as follows
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at once from the definition given above of the quotient of two G-numbers) identical with

the totality of all natural numbers going into %, and therefore has 7 as its least common
multiple. If therefore &, ,, is finite with respect to &, ,,/, then ¥ is a natural number, and

m/
conversely; and in this case
m

[epﬂn : pr,m’] = v

It will therefore be advisable to adopt this equation as the definition of the relative degree for

the cases in which % is not finite. If we now put for £ all multiples of m/ going into m, then
k

- represents all divisors of 7, and indeed each one once. From this we obtain:

5. If €, is a subfield of €, ,,, then the degrees, taken with respect to &€, ., of the

fields between €, and €, ., are divisors of 1%, every divisor of 75 represents the relative
degree of one and only one such field.
Let
m = Ilg",

¢(x) an irreducible function in a field &, ,,, n its degree. By adjunction of a zero of ¢(x),
€p.m is extended to a field €, ,, and n = £. From this it follows that n cannot contain a
prime factor ¢; whose exponent s; in the decomposition of m is equal to co. If, on the other
hand, n is a natural number which contains no such prime factor, then we can determine p
so that % =n holds. A field €, , is then simple with respect to its subfield &, ,,, and every
primitive element is a zero of a function of degree n irreducible in &, ,,. Hence:

6. In a field €,,, there are irreducible functions of all and only the (finite) degrees n
that contain only prime factors q; whose exponent s; in

m = Ilg"

18 finite.

One more remark may find a place here. One can also present the investigations so far
(and likewise the following ones) on algebraic extensions in Kronecker’s form of expression
with the help of modular systems, but one must then extend this concept by also taking into
consideration integral functions with integer coefficients of infinitely many indeterminates. As
such indeterminates we then have to interpret the elements ji, js, ... introduced above, while
¢n(x) and g ,(x) are to be regarded as integral functions with integer coefficients reduced
mod. p of a further indeterminate x. Now let m again be an arbitrary G-number, 71,79, ...
an associated sequence of natural numbers of the kind described earlier, and let @n,@mn 41
be written for o, , ¥, r.,,. Let further S denote the system of all integral functions with
integer coefficients of the indeterminates j (this is of course to be understood so that each
single element of S shall always contain only a finite number of these indeterminates), T the

subsystem of S which consists of the functions

p; P1(d)s Pa(da)s -5 1o(de) = g1, Pa3(da) =2, -

By T a “modular system M” is defined. Two elements from S are called congruent modulo
M if their difference is representable in the form

A1B1+AyBy+---+A,B,
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where A1, Ay, ... A, are elements from S and Bj, Bo,...B, elements from T. Now every
integral function with integer coefficients reduced mod. p of z whose degree goes into m breaks
up mod. M in a definite way into linear factors whose coefficients are elements from S, and
the residue classes of the modular system M within S form a field of the type &, ,,. If we take

m = I1g7°,

then every integral function of & whose coefficients belong to S breaks up mod. M into linear
factors (see § 17.).

§17.
Algebraically closed fields.

In § 8. we have treated the problem: In a field 8 an integral function f(z) is given; sought
is an extension field £ in which f(x) breaks up completely. But we can now also set ourselves
the essentially further-reaching problem of finding an extension £ of the field R in which every
function from R breaks up. The preceding section contains the solution of this problem for
the case of the prime field 3,,. Namely, if we put

m=1II¢;°, €Epm=2Ap,

then m is divisible by every natural number n, and therefore in 2, every irreducible and
hence also every reducible function from ‘3, must break up completely.”) But it can further
be seen from § 16, 6. that in 2, only irreducible functions of degree 1 exist. 2, accordingly
belongs to that particular kind of field that we (§ 7.) have called closed. These are naturally
of the greatest importance for the question touched on here, and we therefore put together
here some simple theorems relating to them.

1. If £ is an algebraic extension of a field R and if every integral function from K
breaks up into linear factors in the field £, then £ is algebraically closed.

For let ¢(z) be an irreducible function from £, j a zero that ¢(x) has in £ or in an
extension field of £. Then £(j) is algebraic with respect to £, hence also with respect to K,
and j is a zero of an integral function f(x) from K. Since this breaks up into linear factors in
£, but has the linear factor z — j in £(j), 7 is an element of £, consequently ¢(z) is of degree
1, whereby Theorem 1. is proved.

Let £ be an algebraically closed field, £ a subfield of £, 2 the field between K and £ that
comprises the elements algebraic with respect to K. An arbitrary function ¢(z) from A then
breaks up into linear factors in £, its zeros are algebraic with respect to 2, hence also with
respect to &, consequently elements of 2. Thus ¢(z) already breaks up completely in 2, the
field A is therefore algebraically closed. — If ¥ is a field between K and £, o an element
from 2, ¥ (x) the irreducible function from K with the zero «, then 1 (z) also belongs to the
field ¥, and if T is algebraically closed, then ¢ (z) breaks up into linear factors in ¥, a is an
element, hence 2 a subfield of T. Thus 2 proves to be the smallest algebraically closed field
between K and £, it is contained in all other such fields. If £ itself is to be a smallest possible
algebraically closed extension of R, then £ = 2l must hold. Hence:

") L. E. Dickson speaks of such a field (Transactions of the American Math. Soc. 8 (1907), p. 389). But he
defines it incorrectly as the totality of all Galois fields that belong to the prime number p (Galois field = finite
field or type of such a one); a proof of existence is not supplied.
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2. In every extension £ of a field R that represents an algebraically closed field, a
smallest extension of this kind is contained; it is distinguished among all the others by the
fact that it is algebraic.

If in the preceding considerations we take for K the prime field 3 contained in £, then
2 becomes an absolutely algebraic field and consists of all absolutely algebraic elements of
£. If the characteristic of £ is a prime number p, then 2 also has this characteristic, and is
therefore a field €, ,,. Since every irreducible function from ‘B, breaks up in &, ,,, m must be
divisible by every natural number, from which

m=1g7, € ,m==2A

follows. Hence:

3. In every algebraically closed field £ of characteristic p a field of the type 2, is
contained; it consists of all absolutely algebraic elements of £.

Something analogous holds for fields of characteristic 0. Appealing first to known facts,
we remark that the field of all algebraic numbers is algebraically closed, and that it represents
an algebraic extension of the field of rational numbers. For the latter type we use, as earlier,
the sign Py; for the former we introduce the sign 2g. One usually arrives at the field of all
algebraic numbers by regarding them as special complex numbers. But also without calling in
the general complex numbers to help, one can arrive from 3¢ — as one arrives from ‘B, at 2,

— at an absolutely algebraic and algebraically closed field, by defining an infinite sequence of
fields

ﬁO:mOa ﬁlv ﬁ27

each single one of which comprises the preceding ones and is still finite with respect to Py,
and whose elements in their totality represent an algebraically closed field. Here too, using
the principle of choice, one succeeds in proving that 2fy is the only type of the required kind.
Therefore Theorem 3. also holds for characteristic 0.

We do not enter further into these special investigations, but will rather prove quite
generally that every field R can be extended to an algebraically closed field, and that the
problem of finding such an extension has essentially only one solution, if one further demands
that the extension be as small as possible, or — which by 2. comes to the same thing — that
it be algebraic.

§18.

Relations between systems of integral functions and extension fields.

P14 I the investigations of this section we take an arbitrarily chosen field & as basis. We
consider systems of integral functions of an indeterminate x with coefficients from K. Such
functions are always meant when systems of functions are spoken of without qualification;
likewise expressions like “extension field”, “normal function” etc. always refer to the ground
field R.

If £ is an extension field, S a system of finitely or infinitely many functions that break up
completely in £, then £ contains a definite extension £’ that is just sufficient for the complete
decomposition of the functions from S. Namely, £ = £(T), where ¥ denotes the system of
zeros that the functions of the system S have within £.
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If S denotes any finite system of functions, then there are always (see the end of § 8)
extension fields in which the functions from S break up completely. We now set up the
definition:

Definition 1. A function ¢(z) is called subordinate to the finite system of functions S if it
likewise breaks up completely in every extension field in which the functions from S break up
completely.

It follows at once:

1. The function o(x) is subordinate to the finite system S as soon as it likewise breaks
up in some extension field £q that is just sufficient for the complete breaking up of the system

S.

For if £5 is any second extension within which S breaks up completely, then £5 contains

an extension £ that is just sufficient for the complete breaking up of S. By § 8, 2. £; and

%, are equivalent extensions, and since ¢(z) breaks up completely in £1, it does so also in £,
and consequently in £o.

Nothing would now stand in the way of letting Definition 1. hold also for the case that
the system S consists of infinitely many functions, if it were already proved that in this case
too extension fields exist in which the functions of S break up completely. As it is, however,
we are dependent on another definition. We arrive at one by starting from the remark that in
the case of a finite system S a function p(x) that is subordinate to a subsystem of S is also
subordinate to S itself.

Definition 2. A function ¢(z) is called subordinate to the infinite system S if it is
subordinate to some finite subsystem of S. — If S1, S5 are any two systems of functions, we
say S1 s subordinate to Sy if every function from S is subordinate to the system Ss.

The theorem then holds:

2. If the system Sy is subordinate to the system Sy, and this to the system Ss, then
S1 is subordinate to the system Ss.

For an arbitrary function p(z) from S is subordinate to a finite subsystem S of Sa, this
to a finite subsystem S5 of S3 (Def. 2.). Since 5% is finite, there exist extensions within which
all functions of S% break up completely. In every such extension the functions of S5 break
up, hence ¢(z) also breaks up completely (Def. 1.). Consequently ¢(z) is subordinate to the
system S5, hence also to the system Sz, whereby 2. is proved.

Definition 3. Two systems of functions are called equivalent if each is subordinate to the
other.

From the preceding definitions and theorems it follows at once that every system of
functions is equivalent to itself; that two systems of functions that are equivalent to a third
are equivalent to one another, that every system of finitely many functions is equivalent to
the product of these functions.

Definition 4. A system of functions S shall be called complete if every function subordinate
to S belongs to S.

If S is an arbitrary system, then a system S’, if it is to be complete and equivalent to S,
must contain only such functions as are subordinate to .S, but also all of these. On the other
hand one sees at once that the system of all functions subordinate to S is in fact equivalent
to S and complete. Thus every system S is equivalent to exactly one complete system. The
smallest complete system is evidently formed by the functions that break up completely in
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R itself, the greatest by the totality of all functions from K. Further it is evident that the
intersection of two complete systems, or also of an arbitrary system of finitely or infinitely
many complete systems, is again a complete system.

These theorems are followed by some others that express relations between systems of
functions and their associated decomposition fields. First there follows from the preceding
definitions and theorems without further ado:

3. If £ is an extension of R, S a system of functions that breaks up completely in £,
then every system S’ subordinate to S also breaks up completely in £, and if S and S’ are
equivalent and the extension £ is just sufficient for the complete breaking up of S, then it is
also just sufficient for the complete breaking up of S’.

This theorem shows that, in questions about the existence and the properties of such
extensions in which a given system of functions breaks up, the system may be replaced by
any equivalent one.

We prove further:

4. If the extension M is just sufficient to decompose the system of functions S
completely, then it is normal, and every function that breaks up completely in I is subordinate
to the system S.

Proof: Let ¥ be the system of those elements from 91 that are zeros of functions from
S. Then it follows from our hypothesis that 91 = &(%T). Now let ¢(x) denote any irreducible
function from K that has a zero o in M. Then one can specify a finite subsystem T’ of T such
that « already belongs to the field £(T'), and, because ¥’ is finite, a finite subsystem S’ of
S such that the elements from ¥’ are zeros of functions from S’. If ¥ denotes the system
of all zeros of the functions from S’, then the extension field M = R(T”) also contains the
element « and is just sufficient to decompose the functions from S’ completely. Therefore
N, because S’ is a finite system, is normal with respect to & by § 8, 6., and the function
©(z) must therefore break up completely in 97 and hence in M. This shows, however, that
the algebraic extension 91 = K(%) is likewise normal. Next, from the circumstance that ¢(x)
likewise breaks up in the field 9V, which is just sufficient for the complete breaking up of the
finite system S’, it follows that ¢(z) is subordinate to the system S’ (Theorem 1.). p(z) is
accordingly also subordinate to S. If finally f(z) is any function that breaks up completely
in N, then by the preceding every irreducible factor of f(z) is subordinate to the system .S;
therefore the same holds of f(x) itself. This proves Theorem 4. — It follows from this that,
once the existence of an extension field in which S breaks up completely is established for a
system S, the two Definitions 1. and 2. come to the same thing for that system S.

5.  The totality S of all functions that break up completely in an extension field N
represents a complete system, and if the extension is normal, then it is just sufficient for the
complete breaking up of S.

For a function ¢(x) that is subordinate to S must break up completely in 91, hence belongs
to S, i.e. the system S is complete. If further ¥ denotes the system of elements of 91 that are
zeros of functions from S, then the extension £(T) contained in 9 is just sufficient for the
breaking up of S. Now if 91 is normal, hence also algebraic, then every element a from M is
a zero of a function ¢(z) irreducible in K that breaks up completely in 91, hence belongs to
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S. Therefore « is an element of T, consequently of £(T), and 91 = K(T) holds, whereby 5. is
proved.
We conclude these investigations with the proof of the theorem:

6. FEvery system of functions S is equivalent to a system of normal functions.

Proof: (Cf. § 13, 3.). Let S first consist of a single irreducible function ¢(z), and let 91
denote an extension that is just sufficient for the complete decomposition of ¢(x). Then 0 is
a normal field. If 91 has a primitive element «, then the function ¢ (z) irreducible in K that
has « as a zero is normal and equivalent to ¢(x). If 91 has no primitive element, then £ must
be an imperfect field and ¢(z) must have an exponent f > 0 (§ 13, 7.). Let

p(a) = 2™ + a0 4 g,

Then, in the field M in which it breaks up, the function o(z) is the p/-th power of another
function

(@)= (x—y1) (=) =2 + by 4+ by,
and from ¢(z) = (x(z))?’ it follows that
ak:bﬁf. (k=1,...n)
©(z) has the zeros 71,72, . . . Vn, while the function
P(z) ="+ aa" 4+ an,

. . . . . . f f
which is an irreducible function of the first kind, has the zeros 4" ,7%" .. .’yﬁf. These are
;
different from one another, and hence so are v1,72,...7,. From ay = b} it follows that

aP’ — ap = (x— bk)pf. The irreducible function from £ with the zero b, therefore has the form
(@b (0L f<fik=1,...n)

and is a normal function. The field 9 = &(+¥ f,vgf, ...7*"), which is just sufficient for the
complete breaking up of @(x), is normal, contained in 91, and represents a finite extension
of the first kind of & Hence M has primitive elements. Let a be one such and 1 (z) the
irreducible function from & with the zero a. Then (z) is a normal function equivalent to
P(x). The system T of the normal functions

D), (x—b)P", (2 —b)P?, ... (x—by)P"

passes into an equivalent T" if we replace ¥ (z) by ®(x). All these functions break up completely
in M, and are therefore subordinate to the function ¢(z). A field 9t between K and 91 that
suffices for the complete breaking up of the system 7" must contain the elements by, bs, . .. by,

!
hence the function x(z), and further the zeros 74 of p(z), and hence also the functions

!
2’ = A= (z - yk)pf. Hence the functions

(x(@), (@ =) =2 —
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are also contained in 9, and therefore so are the elements ~x; and since M = K(vy1,72, .- - Vn),
it follows that 91 = 91, hence the equivalence of ¢(z) and T’, and finally the equivalence of
() and the system of normal functions 7'

This settles Theorem 6. for the case that S consists of a single irreducible function. Now
let S be an arbitrary system of functions, S’ the system of all irreducible factors of the
functions occurring in S, and S” the system of all normal functions subordinate to S’. Then,
first, S is equivalent to S’, and S” is subordinate to the system S’. Since, further, every
function from S’ is, by the foregoing, equivalent to a system of normal functions, and that
system is a subsystem of S”, it follows that S’ and S” are equivalent, and S is equivalent to
the system of normal functions S”.

§19.

Auxiliary considerations from set theory.

E115 By Theorem 5. of the preceding section there corresponds to every normal extension
of a field R a class of equivalent systems of functions for whose breaking up the extension is just
sufficient, and, as one sees at once, the same class of systems corresponds to every equivalent
extension. The proof that, conversely, there corresponds to every class of systems one, and

— apart from equivalent ones — only one, normal extension makes it necessary to draw on
considerations from set theory as well, and in particular cannot be carried out completely
without use of the principle of choice.” ''® We therefore give here a short compilation of some
concepts and theorems from the named discipline that are used in what follows.

1. Ordered sets. — A set or a system of elements is called ordered, after G. Cantor, if
a stipulation has been made according to which, of any two different elements a, b, the one,
say a, counts as the earlier (smaller), the other b as the later (greater); in symbols:

a<borb>a.

The stipulation must, however, be such that a < c always follows from a < b, b < c.

2. Cut. — If the elements of an ordered set M are divided into two subsets A, B in
such a way that every element of M belongs to one and only one of these subsets, and that
all elements of A are earlier than all of B, then such a division is called a cut (Dedekind), the
subset A is called segment, B remainder (Cantor).

3. Order types. — By a similar map of two ordered sets M and N we understand a
one-to-one correspondence between their elements in which the earlier of two elements from
M always corresponds, in IV, again to the earlier of the two assigned elements. Ordered sets
that admit such a map are called similar or of the same order type (Cantor).

4. Well-ordered sets. — A set M is called well-ordered (Cantor) if a stipulation has
been made according to which, of any two elements a, b, the one counts as the earlier, the
other as the later, and if this stipulation is such that both M and every subset of M contain a
first element, i.e. one that is earlier than every other element of the set or subset respectively.

— FEvery well-ordered set is at the same time an ordered one; for if a < b, b < ¢, then a = ¢

cannot be, because the cases a < b, b < a exclude one another; nor can ¢ < a be, because
otherwise the set consisting of the elements a, b, ¢ would contain no first element; hence a < c.
— The well-ordered sets also include the ordered finite sets; these are characterized by the fact
that in them every subset also has a last element.
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5. Ordinal numbers. — The order types of well-ordered sets are called ordinal numbers,
the ordinal numbers of finite sets are denoted by 1,2,3,.... — If M and N are well-ordered
sets, then one of the three mutually exclusive cases always holds:

a) M and N are similar; there is then one and only one similar correspondence between
M and N;

b) M is similar to a definite segment of N;

c) N is similar to a definite segment of M.

In the first case M and N have the same ordinal number; in the second the ordinal number
of M is called smaller, in the third greater than that of N. It is expedient also to introduce
an ordinal number 0, which counts as the smallest of all. "7

Every system of ordinal numbers represents, if they are ordered according to ascending
magnitude, a well-ordered set, and in particular all the ordinal numbers incl. 0 that are
smaller than an ordinal number o (¢ > 0) form a well-ordered set that itself has the ordinal
number o. If we therefore have a well-ordered set of the ordinal number o, it is advisable to
represent its elements by a sign with index:

ag,a1,02,...0y, ...,

where the index v runs through all ordinal numbers 0 £ v < . To every ordinal number v
(for 0 < v < o) there then corresponds a definite segment of the well-ordered system that has
precisely the ordinal number v. It is formed by all elements that precede a,; we therefore also
call it the segment determined by a,. — For the purpose of simple presentation we make the
following stipulations: A well-ordered system of elements a, is denoted by

{a,} or more precisely {a,} (0=v <o)

where ¢ indicates the ordinal number of the system, or also by a mere letter, say A. In the
latter case, by 4, (0 < v < o) we always understand the segment of A determined by a,,
while we set A, = A.

Among the ordinal numbers different from 0, those of the first and second kind are to
be distinguished. An ordinal number « is called of the first or second kind according as a
well-ordered set of the ordinal number « contains a last element or not. Since the system of
all ordinal numbers below « itself has the ordinal number «, there is, if « is of the first kind,
an ordinal number 8 that immediately precedes a. Weput S =a—1, a=5+1. If ais
of the second kind, then there is no immediately preceding ordinal number. These ordinal
numbers are also called limit numbers. The reason for this designation becomes clear from
the following consideration: Let S be a system of ordinal numbers of the property that there
is no greatest among them, hence each is exceeded by other numbers of the same system (e.g.
the system of all finite or of all even finite ordinal numbers). Let further 7" denote the system
of all those ordinal numbers that are exceeded by some ordinal number from S. Then it is
evident that S is contained in T, that T also contains no greatest number, and that, if o is
any ordinal number from 7T, every ordinal number < ¢ also belongs to T'. The system T itself
has an ordinal number 7, which is a limit number. Now if ¢ > 0 is any element of T', then the
ordinal numbers that are < ¢ form a segment of T whose ordinal number is smaller than the
ordinal number of T'. I.e., ¢ < 7. On the other hand every ordinal number < 7 must belong
to T. For if the system T were only a part of the system T of all ordinal numbers < 7, then
the numbers from 7" belonging to T would precede those not belonging to 7', i.e. T" would be
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a segment of 7", and the ordinal number 7 of T would be smaller than that of T, whereas T”,
as the system of all ordinal numbers < 7, must after all have the ordinal number 7. Thus T
consists of all and only the ordinal numbers < 7, and according to the definition of T', 7 now
represents the smallest ordinal number that is exceeded by no ordinal number of the system
S. Such a number therefore exists for every system of ordinal numbers that has no maximum,
and by analogy with ordinary usage it would have to be called the upper limit of S. Every
limit number 7 is, among other things, the upper limit of all ordinal numbers < 7.

6. Complete induction and the well-ordering theorem. — If a certain statement relating
to ordinal numbers holds for an ordinal number «, does not hold for another 5 > «, and T
denotes the system of those ordinal numbers between « and 3 (inclusive of o and ) for which
the statement does not hold, then T', as a well-ordered set, has a first element -, and +y is then
the smallest ordinal number > « for which the statement does not hold. Hence, in the area of
ordinal numbers, we have the theorem of complete induction:”''® If some theorem holds for
the ordinal number o and if we can prove that it must hold for the ordinal number 3 > « as
soon as it is correct for all ordinal numbers that are < 8 and = «, then the theorem holds
for all ordinal numbers 2 «. The significance of the ordinal numbers for the applications
rests on the theorem of complete induction. But their extensive applicability is opened up
by the theorem of Zermelo™), according to which every set is capable of well-ordering. The
theorem naturally concerns only the existence of the well-ordering; it gives no method of
actually carrying it out for every arbitrarily given set.

§20.

The immediate applications.

Definition 1. Progressive systems of functions. — Let Ky be an arbitrary field. A well-
ordered system S = {f,(z)} of integral functions from K shall be called a progressive one
(with respect to Ry) if fo(x) does not break up completely in £ and none of the remaining
functions f,(x) is subordinate (§ 18) to the segment of S determined by it.

1. If S is a well-ordered system of integral functions from Ko which do not all break
up completely in Ky, then S contains a progressive subsystem S’ which is equivalent to S.

For if we form a subsystem S’ of S in such a way that we take the first function fo(z) into
S’ if it does not break up completely in £, and every other function if it is not subordinate
to the segment of S determined by it, then it is clear, first, that the first function from S
not breaking up completely in £y belongs to S’, further that the system S’ is progressive
and subordinate to the system S. It therefore remains only to show that every function from
S = {f,(x)} is subordinate to the system S’. This holds, first of all, for fo(z), since fo(x)
either breaks up completely in £ or belongs to S’. In order to show the same for every other
function f,(x), we apply complete induction. Then it is to be regarded as proved that the
segment of S determined by f,(z) is subordinate to the system S’. If f,(x) is subordinate
to this segment, then f,(x) is subordinate also to S’; but if f,(x) is not subordinate to the
designated segment, then f,(z) belongs to S’, and is therefore likewise subordinate to this
system.

Definition 2. Progressive systems of elements of an extension field. — Let K¢ be an
arbitrary field, £ any extension of Ky, & = {a,} a well-ordered system of elements from £.

*) E. Zermelo, Math. Ann. vol. 59 (1904), p. 514.
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The system & shall be called a progressive one if neither ag belongs to the field K9, nor any
one of the remaining elements a, belongs to the field that arises from Ky by adjunction of the
segment determined by a,. — The following theorem holds:

2. If & ={ay} is a well-ordered system of elements of an extension field £ of Ko
and if not all elements from & belong to Ky, then & contains a progressive subsystem & for
which Ry(6") = Ro(S) holds. We can form &' by taking the element ag into & if it does not
belong to Ko, and every other element a, if it does not belong to the field that arises from Ko
by adjunction of the segment of & determined by a, .

The proof is entirely analogous to that of Theorem 1., and can therefore be passed over.
Since £ itself can be obtained by adjunction of a system & and this is capable of well-ordering,
it further follows:

3.  FEvery extension of a field can be obtained by adjunction of a progressive system.

Definition 3. Well-ordered fields. — We can think of the elements of a field Ky as brought
into a well-ordered sequence {c¢,} (0 £ v < o). With this arrangement a definite ordinal
number o then belongs to the field Ky. We wish, however, also to make the express stipulation
that, whenever we speak of a well-ordered field Ro = {c,}, co =0, ¢1 = € shall always hold. If
two well-ordered fields have the same ordinal number, then there exists between them a single
well-determined similar correspondence (§ 19, 5.). If this is at the same time an isomorphic
one, then we call the fields similar-isomorphic.

4. If{8.} (0 £ p < o) is a well-ordered sequence of well-ordered fields, o a limit
number, and if of any two fields of this sequence the earlier is always similar-isomorphic
to a segment of the later, then there are well-ordered fields £ such that every field &, is
similar-isomorphic to a segment of £, and such that for every element of £ a segment can be
given that contains this element and is similar-isomorphic to a field K. All fields £ that have
the designated properties are similar-isomorphic to one another.

Proof. Let the field 8, of the sequence {8f,} have the ordinal number 7,, and let its
elements in their well-ordered sequence be denoted by ¢, (0 = v < 7,). From our hypotheses
it follows that the numbers 7, increase with p and that there is no greatest among them. We
denote by 7 the upper limit of the numbers 7, (§ 19, 5.):

7= lim T
p=c

and take a well-ordered system £ = {c\} (0 = A < 7) for which we stipulate addition and
multiplication in the following manner: If ¢y, ¢ (A < p) are any two elements from £, then
it follows from p < 7 that some of the ordinal numbers 7, of the fields &, are > po. Among
these let 7,/ be the smallest. The field &, = {c,/,} (0 = v < 7,,) then contains two elements
Cu' ), Curo as well as their sum and their product. If

(1) Cx T Cuo = Cuiar  C/x - Curo = Cp/Bs

then o < 7,y < 7, B < 7,y < 7; the system £ therefore contains two elements c,,cg. We
stipulate that

(2.) Crxt+Co=CoF+Cr=Ca, €\ Cop=Cp-C\=Cg
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shall hold, whereby £ becomes a system with double composition.

If now K, is any field of the sequence {K,}, then it follows from 7, < 7 that £ has a
segment £, of the ordinal number 7,,. In the similar correspondence 7, between £, and £,
the elements ¢,y and ¢y (0 = X < 7,) correspond to one another. If now cy and ¢, (A < o)
are any two elements of £, and if their sum and their product are given by the equations (2.),
then p < 7, and therefore, if again 7,/ is the smallest number from the sequence {7} that
exceeds p,

(3.) Ty = Ty Ml = pe

From the stipulations made for the compositions in £ it follows that the equations (2.) entail
the equations (1.). From (3.) it follows that &, is either identical with £, or similar-isomorphic
to a segment of &,. In both cases it follows from (1.) that

(4.) Cux + Cug = Cuar  Cux Cug = Cpp-

Since the elements c,q, ¢,3 again belong to the field &, we have a < 7, 8 < 7,; the elements
Ca, cg therefore again belong to the segment £, of £. Further, the comparison of (2.) and
(4.) shows that the similar correspondence 7, between £, and £, is an isomorphic one. £,
therefore represents a field similar-isomorphic to £,. Since for every element cy of £ we can
find 7, > A, every element of £ occurs in a field £, and since of any two of these fields one
contains the other, £ itself is a field. As was shown, this field meets the conditions of Theorem
4.

If £ = {c}} is likewise a field that meets these conditions, 7’ its ordinal number, £, the
segment similar-isomorphic to £, then the ordinal number of SL is equal to 7, hence 7, < 7.
If on the other hand A is any ordinal number < 7/, then £’ contains an element ¢); this occurs
in a segment 2;, hence A < 7,. Consequently 7" = }LILI(II 7, = 7, and there exists between £
and £ a similar correspondence 7 that assigns to every element cy of £ the element ¢ of
£'. If now for any two elements cy,c, (A < ) of £ the equations of composition (2.) hold
and if we choose p so large that 7, > o, then the field £, contains the elements cy, c,, hence
also ¢, and cg. The fields £, and 2; are similar-isomorphic to £, hence also to one another.
But the similar correspondence between £,, and ,SL assigns to the elements cy, ¢y, cq, cg of £,
the elements ), cj, ¢, ¢ of £, Since this correspondence is at the same time isomorphic, it
follows that

c'/\+clgzc'a, c'/\-c’Q:c}g,
hence also the similar correspondence 7 that exists between £ and £’ proves to be an isomorphic
one, and so Theorem 4. is completely proved.

Definition 4. Well-ordering of the integral functions in a well-ordered field. — If &y = {c, }
(co =0, c; = ¢) is a well-ordered field and if g(z) and h(z) are two integral functions from Ko
different from one another, then we think of these as written in the form of infinite series

9(x) = cpy + cpyx + cmxz 4+,

2
h(z) = cyy + @ + cppz® + - -
Then, as soon as the natural number n exceeds a certain value,

Chp = Cvy =0=co, fpin=vp,=0
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will hold. If k (2 0) is the greatest number for which uy # vy, then in the case ur < vy we say
that the function g(x) precedes the function h(xz) within £. By this stipulation the system of
the integral functions from RKg is converted into a well-ordered one. For if S is an arbitrary
system of integral functions from Ky, then, because ¢y = 0, the functions of smallest degree
in S will precede the others. If n is this degree, S, the subsystem of S which comprises the
functions of degree n, S,,—1 the system of the functions from S,, in which the coefficient ¢, of
2" has an index v as small as possible, S,,_s the system of those functions from S,,_; in which
the coefficient of 2"~ ! has an index as small as possible, etc., finally f(x) that function from
So in which the term free of x has an index as small as possible, then f(x) is the first function
from S. But the existence of a first function within every system of functions S proves the
asserted well-ordering.

Definition 5. Primitive well-ordering. — Let Ky = {c,} be a well-ordered field, &; a
simple algebraic extension of degree n (n > 1) of Ky, j a primitive element of K. Every
element of K is then represented uniquely in the form g¢(j), where g(x) denotes an arbitrary
integral function from Ky of degree < n. If for any two elements g(j) and h(j) we stipulate
that g(j) counts as the earlier if the function g(z) precedes the function h(z) within Ky, then
it is clear by the foregoing that £ is thereby made into a well-ordered field. From c¢g = 0 it
follows that the well-ordered field Ko represents a segment of the well-ordered field £;; from
c1 = €, that j is the first element following the segment Kg. We say: R is primitively ordered
with respect to Ky, and call j the principal element of the primitive well-ordering. — The
following theorem then holds:

5. If Ry is a simple algebraic extension of a well-ordered field Ry, j a primitive
element, then Ky can, in one and only one way, be primitively ordered with respect to Ry so
that j becomes the principal element. Rg is then the segment of K1 determined by j.

Definition 6. Regular well-ordering. — Let Ky be a well-ordered field, £ an arbitrary
algebraic extension of K. We wish to assume that £, too, is well-ordered, and that this
well-ordering has the properties described in the following: Both the field Ry and every field
that arises from £y by adjunction of a segment of £ shall be a segment of £, provided it
does not comprise all the elements of £. The segments of £ thus obtained — evidently all
those segments containing Ky that are at the same time fields — may be called principal
segments; the element immediately following a principal segment we call the (associated)
principal element. The principal elements form a (well-ordered) subset J = {j,} (0 S v < o)
of £. Ry is the principal segment determined by jo; we wish in general to denote by R,
(0 = v < o) the principal segment determined by j,, and by K, the field £ itself. — From the
hypotheses so far it follows that every field R, (j,) (0 < v < o) likewise represents a principal
segment (or is equal to K, = £). We now make the further hypothesis that K,(j,) proves to
be primitively ordered with respect to K,. Here, therefore, j, will appear as the principal
element of the primitive ordering. — If the well-ordered field £ has all these properties, then
we call it reqularly ordered with respect to K. — The primitive well-ordering accordingly
represents the simplest case of the regular one, characterized by o = 1.

From the preceding definitions some facts result immediately, which we therefore record
without proof, namely:

6. If the field £ = R, is regularly ordered with respect to K and if R, (0 < v < o)
represents a principal segment, then K, is reqularly ordered with respect to Ko, and £ is
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regularly ordered with respect to R,. If here J = {j.} (0 < p < o) is the system of the
principal elements of £ with respect to Ry, J' the segment of J determined by j,, J" the
associated remainder, then J' represents the system of the principal elements of &, with respect
to Ko, and J" the system of the principal elements of £ with respect to &,.

7. If £ is reqularly ordered with respect to Ko, and MM with respect to £, then M is
reqularly ordered with respect to Ko and £ is a principal segment of M.

Let us retain the notations from Def. 6., and let us understand by £ any field between K
and £. Let £ be different from £, a the first element of £ not belonging to £, A the segment
of £ determined by a. Then £ contains the field £y(2(), which by Def. 6. is a principal
segment of £. But since £y(2) contains the segment 2, but not the element a following it, a
must be a principal element. If therefore £’ is to contain all principal elements, then £ = £
must hold, and thus it follows that Ky(J) = £. If we further denote by J, (0 < v < o) the
segment of J determined by the principal element j, and put £ = £(J,), then £’ is part of
Ry, since K, contains the system J,. Since further j, does not occur in £,, hence also not in
£’ and the first element a of £ not contained in £’ must be a principal element, it follows
that a = j,, £ = &, = R(J,). Taking Def. 2. into account, we thus obtain:

8. If the field £ is regularly ordered with respect to Ko, then the principal elements
form a progressive system J, we have £ = Ro(J), and the principal segment of £ determined
by the principal element j, is obtained from Ko by adjunction of the segment of J determined
by Ju-

Retaining the notation so far, let a be any element of £, K, (0 < v < o) the first principal
segment of £ containing a, or, if there is none such, the field £ = K, itself. If v > 0, then it
follows from R, = Ro(J,) that there must be a finite subsystem & of J, such that the element
a occurs also in R(&). If j, is the last element of &, then p < v. Further, there can be no
ordinal number p for which ;1 < ¢ < v. Otherwise & would be part of J, and a an element of
R0(J,) = R,, contrary to the assumption made about £,. Consequently v = 1+ 1, and we
have the theorem:

9. If{R} (0 = v < o) is the system of the principal segments of the field £ = R,
regularly ordered with respect to Ko, and K, the first field from the sequence {R,} (0 = v = o)
that contains an arbitrarily given element a from £, then v cannot be a limit number.

From this it follows easily:

10.  The regular well-ordering of a field £ is completely determined by the well-ordering
of the ground field Ry and the well-ordered system J = 3o = {ju} (0 S v < o) of the principal
elements.

For suppose we had two different regular well-orderings of £. Let us denote these by
£ ={c\} and £" = {c}}, by R, R, (0 £ v < o) their principal segments, which correspond
to the segments J, of the system J, and let us put £ = R, £” = &, Then, if we disregard
the order of the elements, the fields &, R, are of course identical, namely equal to £(J,).
But if the equality sign is used to express agreement in the arrangement as well, then in any
case R, # R, while &) = R = K. Now let ¢} be the first element from £’ that no longer
has the same index within £” and K], the first field of the sequence {8} (0 < v < o) that
contains the element ¢. Then v > 0, and by 9. v is not a limit number. We have R;, # R/,
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on the other hand R],_; = &_,. But since, by the prescriptions of the regular well-ordering,
R, = &, _,(jy—1) must be primitively ordered with respect to &,_;, and K, = R _,(j,—1)
with respect to 8_; = &,_,, and in both cases j,_; is the principal element, it follows from

5. that &), = 8, and we obtain a contradiction. Thus 10. is proved.

11.  If £ is an algebraic extension of the well-ordered field Ry, J = Jo = {jv}
(0 £ v < o) a progressive system of elements from £, Ro(J) = £, then there is one and only
one regular well-ordering of £ with respect to Ky with J as system of principal elements.

That there cannot be more than one well-ordering of the designated kind is already stated
by Theorem 10. That there is one at all is expressed in the case ¢ = 1 by Theorem 5. For
o > 1 we carry out the proof by induction. — If ¢ is not a limit number, then we first order
the field R,—1 = Ro(Jo—1) regularly with respect to £, and in such a way that J,_1 becomes
the system of the principal elements; then we order £ = R0(J) = Ro—1(jo—1) primitively with
respect to R,_1, with j,_1 as the principal element. The field £ thus ordered then satisfies
by 6., 7. the conditions of the problem. — If ¢ is a limit number, then we first have for every
v < o a field 8, = Ro(J,) which is regularly ordered with respect to £y and has the system
of principal elements J,. If 4 < v < o, then the field Ro(J,) occurs as a principal segment of
Ry, is by 6., 7. regularly ordered with respect to Ko, and has the system of principal elements
Ju- By 10. that segment agrees with £, also in the order of the elements. Each of the fields
in the sequence {R,} (0 < v < o) is therefore a segment of all the later ones. From this, and
because the sequence {f,} contains no last field, one sees at once that these fields in their
totality constitute a well-ordered field £’ of which they are all segments. Since J contains no
last element, every element of J occurs in a segment J,, hence in a field K,, consequently in
£'; &' therefore comprises all elements of £ (J) = £, and thus represents a well-ordering of
the field £. If A is any segment of £, a the element of £ following this segment, &, a field
from the sequence {f,} containing a, then K(2) is a principal segment of £, hence a field
£, (1 < v). By adjunction of a segment of £, a segment of £’ therefore always arises again
from Ry, and the segments thus obtained are the fields of the sequence {&,} (0 = v < o).
These therefore form the only principal segments of £, and the elements from J, since they
follow these segments, the principal elements. Since none of them is last, £,(j,) is always
again a field of the sequence {R,} (0 < v < o), as such regularly ordered with respect to Ry,
hence primitively ordered with respect to £,. Thus £’ represents a regular well-ordering of £
with respect to Ko, with J as system of principal elements.

From 11., in combination with 3., the following results:

12.  FEvery algebraic extension of a well-ordered field can be regularly ordered with
respect to it.

§21.

The fundamental theorem of algebraic extensions.

Definition 1. Principal functions and principal factors of the regular well-ordering. — Let
9 = R, be an algebraic extension of the well-ordered field &y and regularly ordered with
respect to Ry, J = Jo = {jv} (0 £ v < o) the system of principal elements, &, respectively
J, the principal segment of O respectively segment of J determined by j,. The element j,
is a zero of a definite irreducible function f,(z) from K (with ¢ as coefficient of the highest
power), likewise a zero of a definite irreducible function ¢, (x) of the field &,, which can be
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equal to f,(z) and for v = 0 is always equal to f,(x), but in every case is a factor of f,(z).
We thus arrive at two systems of functions

F,=F={f,(2)}, @o=2={p,(2)} (0=v<o).

We call the functions f,(x) principal functions, the functions ¢, (z) principal factors of
the regular well-ordering, and denote the segment of F' respectively @ determined by f,(z)
respectively ¢, (z) (v = 1) by F, respectively @,.”) — With reference to this notation, the
following now results easily:

1. If all principal functions are normal (with respect to £9), then the reqularly ordered
field Nt = R, is itself normal. It is just sufficiently large to break up the system F of principal
functions completely; likewise every principal segment Ry, is normal and just suffices for the
breaking up of F,. The system F is progressive.

For since each of the normal functions f,(z) (0 £ ¢ < v) from F, (0 < v £ o) has a zero
Jo in the field R, = Ro(J,), it must break up completely in &,, and since the field &, arises
from Ry only through adjunction of zeros of the functions from F),, it just suffices for the
breaking up of F,,, and is therefore normal. Since further, in the case v < o, K, no longer
contains the element j,, and the function f,(x) therefore does not break up completely in K,
F' is a progressive system.

Definition 2. Normal well-ordering. — Let O denote a normal extension of the well-ordered
field Ro; let 91 be regularly ordered with respect to Ko, and let the principal functions all
be normal. If we use the letters in the same meaning as before, then j, (0 = v < o) is a
zero of the irreducible function ¢, (x) from K,, and ¢, (x) is a factor of the function f,(x)
irreducible in Ky. Since K, is a well-ordered field, the functions within K,, too, have a definite
arrangement, by Def. 4., § 20. This therefore also holds of the irreducible factors that f, ()
has within K,. Let us now assume that every function ¢, (z), in so far as it is not the only
irreducible factor of f,(z) within K,, precedes the remaining irreducible factors of f,(x) within
Ry If this hypothesis is fulfilled, then we say: M is normally ordered with respect to Kg. The
normal well-ordering is therefore a special case of the regular one.

Definition 3. Distinguished zeros of the principal functions that belong to a normal well-
ordering. — Let 91 be a normal and normally ordered extension of the well-ordered field Ky,
and let the signs used so far keep their meaning. Since the principal function f,(x) is normal
with respect to Ko, the field &,(j,) can be obtained by adjoining to K, any zero of f,(z). All
these zeros are primitive elements of the field K, (j,) with respect to £,; their degree is equal
to the degree of the principal factor ¢, (x), which is in any case greater than 1. In the case of
imperfect fields the zeros of ¢, (x) need not all be different. If we therefore assume that o, ()
has r different zeros j,;7j,, .. .jl(,r_l) and is of degree n, then n = r = 1,n > 1. If now i, is
any zero of f,(x) (in the field M), then we obtain all elements of the field K, (j,) by replacing
x by i, in all integral functions g(z) from £, whose degree is smaller than n. Among these
functions there are therefore r that for = = 4, pass into zeros of ¢, (z). By Def. 4., § 20, these
r functions have a definite order within K,. If ¢(z) is the first among them and if ¢(i,) = j,,

) In order to avoid misunderstandings, we further point out that the functions f, (z) within F have a definite
order (designated by the index), which naturally has nothing to do with the order that was given to the
functions in Ko on the basis of § 20, Def. 4.
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then we call i, a distinguished zero of f,(x). (We use this designation also when r = 1, which
can occur only with imperfect fields.) The following theorem holds:

2. The principal element j, is a distinguished zero of f,(z), and among the zeros of
the principal factor ¢, (x) there is no other distinguished one.

For since the zeros j,,7, .. .jl(,r_l) of ¢, (z) do not occur in K, the r functions from &,

that for © = i, pass into these zeros are all at least of degree 1. From the circumstance that
the well-ordered field K, begins with the elements 0, ¢, it follows that among all functions
from K, whose degree is = 1, x is the first. If we therefore choose for i, one of the zeros of
(), then x is the first function from K, that for x = i, passes into a zero of ¢, (x). But
this is equal to j, if and only if we choose 7, = j,, which proves the assertion. — From 2.
there it further follows:

3. In the case ¢, (x) = f,(x), hence in any case for v =0, j, is the only distinguished

zero of f,(x).

We now prove:

4. If M= Ro(J) is a normal extension of the well-ordered field Ky, if every element
iy of the system J, =3 = {i,} (0 £ v < o) is a zero of a normal function f,(z) from Ko,
and if the system of functions Fy = F = {f,(z)} is a progressive one (or, what here amounts
to the same: if the system J is a progressive one), then the field M can be normally ordered
with respect to Ko in one and only one way in such a manner that F' represents the system of
principal functions and the elements i, become distinguished zeros of the associated principal
functions f,(x).

We first show that there cannot be two different normal orderings of the designated kind.
Let us assume that there were two such normal orderings 9t and 9" of the field D1. We
denote by 3, = J = {4}, {R,}, ¢ = & = {¢),(z)} the systems of principal elements,
principal segments, principal factors of 9, by 37 = J" = {j/'}, {R}, & = ?" = {Y!(x)}
the corresponding systems for M. By J,, Fy,, 3., 3", @, &" let the segments of J, F etc.
determined by i,, f,(z) etc. be denoted. Then £, 8 represent two normal orderings of the
same field Ro(J,) = Ko(J),) = Ko(J!), which just suffices for the breaking up of the system F,.
Since g is to be a distinguished element of fo(z), by 3. j =0 = jj. If the equation j,, = j
does not hold for every index, then we take the smallest for which j/, # j/. Then J!, = 3/,
and since J!, and J! represent the systems of principal elements of the fields K/, R regularly
ordered with respect to £, we have (even taking the arrangement into account) £, = &
(§ 20, 10.). From this it further follows that ¢, (x) = ¢!/(x), because ¢ (x) respectively ! (x)
represents the first irreducible factor of f,(x) within &, = K. If further within K, = & ¢(x)
is the first function that for x = i, becomes a zero of ¢} (x) = !/(z), then, because i, is to be
a distinguished zero of f,(x), we obtain j;, = ¢ (i,) = j./, in contradiction with the assumption
Ji, # j. Consequently J' = J”, and from this it follows, by § 20, 10., that 9" = N".

We now have to show that a normal ordering of the required kind exists. — For o = 1 we
obtain it by ordering 91 primitively with respect to K¢ with ig as principal element. For ¢ > 1
the proof is to be carried out by induction. If ¢ is not a limit number, then let 8,_; denote
that normal ordering of the field £o(J,_1) for which F,_; represents the system of principal
functions and every element i, (v < o — 1) becomes a distinguished zero of f,(x). If then
within the well-ordered field 8,1 ¢,—1(x) is the first irreducible factor of f,_i(x), ¥ (x) the
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first function that for z = i,_1 becomes a zero of p,_1(z), then we put ¥ (i,—1) = j,—1 and
order 91 primitively with respect to K,—_1 with j,_1 as principal element. Then we have, as
is at once evident, the required normal ordering. — If ¢ is a limit number, then for every
v < o let &, represent that normal ordering of the field &(J,) for which F, is the system
of principal functions, while every element i, (4 < v) becomes a distinguished zero of f,(x).
Then a simple consideration shows that every field of the sequence {®,} (0 S v <o) isa
segment of all later ones, and that the totality of the elements occurring in these fields yields
a well-ordering of 91 that meets all conditions of the problem.

5. If Ry and Ko are similar-isomorphic fields, if M = R, is a normal and normally
ordered extension of R, M = R, one of the same kind, of Ko, if F = {f,(z)}, F = {f,(x)}
(0 £ v < o) are the associated systems of principal functions, and if by the similar-isomorphic
correspondence my existing between Ky and Ko the functions f,(x) and f,(z) are assigned to
one another, then M and N are similar-isomorphic.

Proof by induction: If o = 1, n the degree of fo(x) and f,(x), and if jo, j, are the principal

elements, then we obtain all elements of 9 respectively M by replacing z by jo respectively j, in
all functions g(z), g(x) from £y respectively £y whose degree is smaller than n. The functions
g(z) have a definite order in £y, and so do the functions g(z) in &, and from the circumstance
that 7y represents a similar correspondence between £y and £y it results at once that the
correspondence between the functions from £y and &y mediated by g is also a similar one.
Further it follows from § 20, Def. 5., that we obtain a similar correspondence m; comprising
7o between M = Ky (jo) and N = Ky(j,) if we let the element G(j,) from N correspond to
every element g(jo) from 9N, where g(x) denotes the function from £y corresponding in the
correspondence 7y to the function g(z) from Ky. Since further 7y represents an isomorphism,
it follows, as in § 8, 1., that the correspondence 7y, too, is isomorphic at the same time.
— If 0 > 1 and if we denote by £,, 8, (v < o) the principal segments of 91 respectively
N, then K, and K, represent normal and normally ordered extensions of & and £y whose
principal functions are carried over into one another by my, and we may regard it as proved
that £, and K, are similar-isomorphic, i.e. that the only similar correspondence 7, existing
between R, and £, is at the same time isomorphic. If ;1 < v < o, then K, and Eu are similar
segments of £, respectively £,, and are therefore mapped similarly onto each other by =,
just as by m,. The correspondence 7, therefore forms a part of m,. If ¢ is a limit number,
so that every element of 0N respectively M occurs in a field &, respectively &, it follows
from this that a one-to-one map 7, of M onto N is produced by the correspondences m,. A
simple consideration shows that the map 7, is a similar one, because this is the case with
the maps m,; likewise that 7, is an isomorphism, because the correspondences 7, represent
isomorphisms. — If ¢ is not a limit number, then we first have, between f,_1 and £,_1,
the similar-isomorphic correspondence m,_1, which comprises g, and therefore assigns the
principal functions f,_1(z) and f,_;(x) to each other. Further, by m,_1 the principal factor
©0o_1(x), as first factor of f,_1(z) within &,_1, is transformed into the first factor of f,_;(x)
within &,_1, that is §,_;(z). The fields 91 and 91 prove to be normal and normally ordered
extensions of &, 1 and £, 1 with only one principal function each, ¢, 1(z) respectively
®,_1(r). Since K,_1 and &,_; are mapped similar-isomorphically onto each other by m,_1,
and 7,_1 at the same time carries the principal functions over into each other, the existence
of the similar-isomorphic correspondence between 9 and 9 follows as in the case o = 1.
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If in Theorem 5. we let £ and Ry coincide in one and the same well-ordered field, the
following results:

6. IfN and N are normal and normally ordered extensions of the well-ordered field
Ko and the same system {f,(x)} of principal functions belongs to both, then M and N are
similar-isomorphic.

7. If Ry is a well-ordered field, F = F, ={f,(z)} (0 £ v < o) a progressive system
of mormal functions from Ry, then there are normal and normally ordered extensions of Ko
with the system of principal functions F'.

Proof by induction: In the case ¢ = 1 we can, by § 8, 1., determine an extension 91 that just
suffices for the breaking up of fy(x). M is normal, and since fo(z), too, is normal, 9N = Ko (jo)
if jo is any zero of fy(z) in M. If we order N with respect to Ky primitively and in such a way
that jo becomes principal element, then we see at once that 91 meets the conditions of the
theorem. — If ¢ > 1 and not a limit number, then let K,_1 denote a normal and normally
ordered extension of £y with the system of principal functions F,_1 = {f,.(2)} (0 S v <o —1).
Of the irreducible factors that the normal function f,_1(z) has in the well-ordered field K,_1,
let wy—1(x) be the first. Since 8,_1 just suffices for the breaking up of F,_; (Theorem 1.)
and the system of normal functions F' progresses, its degree must be greater than 1. If we
extend R,_1 by adjunction of a zero j,—1 of @,—1(x) to a field M, and order this primitively
with respect to K,_1 with j,_1 as principal element, then 91 evidently meets the conditions of
Theorem 7. — If ¢ is a limit number, then let &), (0 < v < o) denote a normal and normally
ordered extension of Ry with the system of principal functions F), = {fi(x)} (0= A <v). If
i < v, then £ has a principal segment that is normal and normally ordered with respect to £
and has the system of principal functions F),. By 6. this segment must be similar-isomorphic
to &, Thus the following results: Of the fields of the sequence Ro,{R,} (0 < v < o) each
is similar-isomorphic to a segment of every later one. Consequently there is (§ 20, 4.) a
well-ordered field 91 of such a nature that £ is similar-isomorphic to a segment £y and every
field R, (0 < v < o) to a segment &, of M, and that every element from 91 occurs in segments
R,. From the circumstance that a similar-isomorphic correspondence exists between £y and
Ry it follows that we obtain a field :M, similar-isomorphic to M, which is at the same time
an extension field of R, if we replace the segment £y of M by the well-ordered system £
and decree that every equation of composition (a +b = ¢, a-b = d) from 9 shall become
an equation of composition from I, if the corresponding elements of Ky are substituted for
any elements of Ry occurring in it. By this substitution every segment &, of M passes over
into a segment K, of M similar-isomorphic to it, hence also to &), and every element of 0
occurs in such segments &,. By the similar-isomorphic correspondence 7, between K, and &,
all order relations and equations of the one field are carried over into correct order relations
and equations of the other. Since further the elements of Ky, hence also the functions of
the system F, are not altered by m,, &,, like £, represents a normal and normally ordered
extension of Ky with F} as system of principal functions. But from the circumstance that the
field 91 is composed of the elements of the sequence of fields {R, }, and that every field of this
sequence is a segment of all later ones and a segment of 91, it is at once evident that 91 itself,
too, is normally ordered with respect to Ko, and that F' represents the associated system of
principal functions.

From what precedes, the fundamental theorem now follows easily:
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8. If Ry is an arbitrary field, S an arbitrary system of integral functions in Ry, then
there is one and essentially only one extension of Ry that is just sufficiently large to break up
all functions of the system S into linear factors.

Proof: In the question treated here the system S can be replaced by any equivalent system
(§ 18, 3.), and it may therefore be assumed that S contains only normal functions (§ 18, 6.).
Further we can think of the system S as well-ordered and, if it is not progressive, replace
it by an equivalent progressive subsystem (§ 20, 1.). Accordingly we may assume from the
outset that a progressive system of normal functions F' = {f,(z)} is present. Further, we may
presuppose that the field Kg is well-ordered. But then by 7. there is a normal and normally
ordered extension 91 of Ky with F as system of principal functions, and by 1. this is just
sufficient for the complete breaking up of F. — Let us now assume that there is also a second
extension N of Ky that just suffices for the complete breaking up of F. Then we have to prove
the equivalence of the extensions 9t and M. For this purpose we make use of the principle of
choice. For we think of one zero in each case as picked out from the zeros that the functions
fv(z) have in M, so that we have a system J = {i, }, where i, is a zero of f,(z). Since normal
functions are concerned, M = Ko(J). By 4. N can be normally ordered with respect to £
in such a way that F' becomes the system of principal functions (and that the elements i,
become distinguished zeros of the principal functions. The latter is now no longer of any
significance, but without this part Theorem 4. could not be proved). Thus 91 and 91 are
normal and normally ordered extensions of Ky with the same system of principal functions,
and there exists between them a similar-isomorphic correspondence 7w (Theorem 6.). Since by
this every element of the common segment £ is assigned to itself, the extensions D and N
are equivalent.

From 8. it further follows by specialization:

9. FEwvery field can be extended algebraically, and indeed essentially only in one way,
to an algebraically closed field. — To every arbitrary field type there corresponds in this way a
definite closed one.

For if we understand by S the system of all integral functions from Rg, then an extension
field of Rq is algebraically closed and algebraic with respect to K¢ if and only if it just suffices
for the breaking up of S. From this there follows by 8. the first part of 9. — Now let any field
type be given, let Ry and K{, be two fields of this type and £ and £’ algebraic and algebraically
closed extensions of Ky and Kf,. Then it is to be shown that £ and £ are of the same type.
For this purpose we introduce a system & of new elements, which we assign uniquely to the
elements of £’ not belonging to K. This assignment gives, together with an isomorphism g
between £y and £), a map m; between £ and £ = Ry + &. If we decree that by 7 every
equation of composition a’ +b =, a’ - b’ = d' from £, even if the elements a’, b’ do not both
belong to £}, shall pass over into an equation of composition from £, then £ becomes a field
isomorphic to £', consequently algebraically closed, and represents an algebraic extension of
£o. £ and £ are therefore, by the already proved first part of 9., equivalent extensions of Ry,
and we have an isomorphic correspondence 7 between £ and £, which leaves the elements of
Ro unchanged. From 7 and 7 there results the isomorphic correspondence between £ and
£’ that was to be proved. It presents itself as an extension of the isomorphism 7 existing
between Ry and Rj,.

80



Steinitz, Algebraic Theory of Fields §22

§22.

Transcendental extensions. Algebraic dependence between elements of an
extension field.

We call every non-algebraic extension of a field transcendental. — We base the following
investigations, which are to lead us to a perspicuous division of all fields, on a field K, and
refer expressions such as “extension field”, “transcendental” etc. to it, unless otherwise noted.
If & is a system of elements of an extension field £ and a an element of £, then we call a
algebraically dependent on & (with respect to K) if a is algebraic with respect to the field
R(6); and we call a system of elements & algebraically dependent on & if every element of
&’ depends algebraically on &.

1. If the element a depends algebraically on the system &, then there is a finite
subsystem &' of & on which a depends algebraically.

For it follows from our hypothesis that a is a zero of an integral function ¢(z) of the field
R(6). Since () has only finitely many coefficients, there is a finite subsystem & of & such
that these coefficients already occur in £(&')." 'Y But then a depends algebraically on &'.

2. If ©3 depends algebraically on Gz, Gy on &1, then 3 is algebraically dependent
on 61. E 120

For if we put R(61) = R1, R(S2) = R, then it follows from our hypothesis that K (S2)
is algebraic with respect to £R1, R2(G3) with respect to R (§ 7, 7.). Since R is a subfield of
R1(62), the elements of Ry(S3) are algebraic with respect to £ (S2), hence also with respect
to R = R(G1) (§ 7, 9.). Consequently the elements of &3 are algebraic with respect to R(S1),
q.e.d.

If we therefore call two systems &1, Sy algebraically equivalent (with respect to K) or briefly
equivalent if each depends algebraically on the other, then two systems that are equivalent to
a third are also equivalent to each other, etc.

We call a system & of elements of an extension field algebraically reducible (with respect
to R), or briefly reducible, if it is equivalent to a proper part of itself or consists of a single
element algebraic with respect to £; otherwise we call & (algebraically) irreducible'®. From
this definition it is immediately clear that in a reducible system that contains more than
one element, at least one element occurs that depends algebraically on the system of the
remaining elements. Together with 1., this immediately gives:

3. Ewvery subsystem of an irreducible system is irreducible.” !

4.  Ewvery reducible system contains a finite reducible subsystem.” '

Purely transcendental extensions. — We call an extension of a field purely transcendental if
it can be obtained by adjunction of an irreducible system &. If & consists of only finitely many
elements x1,z9,...x,, then we are dealing with the same kind of extension we considered at
the end of § 5: The field 8(S) consists of the rational functions of the transcendentals or
indeterminates 1, x9, ...z, with coefficients from K. If the system & is infinite, then (&)
consists of the elements of all fields £(&’), where &’ denotes every finite subsystem of &.
The most general purely transcendental extension is therefore obtained by introducing an

15 In modern terms: algebraically independent. — Trans.
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arbitrary system & of infinitely many “indeterminates”. Every finite subsystem &’ of & then
yields an extension £(&') of the kind considered earlier, and the totality of all fields (&)
constitutes a field (§ 2, 2.), which arises from £ by adjunction of the irreducible system &.
— If we have two extensions R(61), R(S3), if &1 and &, are irreducible systems, and if the
finite or infinitely large number of their elements (cardinal number, power) is equal, i.e. if we
can establish a one-to-one correspondence ¢ between their elements, then there is a definite
isomorphism 7 between K(&;) and RK(S2) by which every element of K is assigned to itself
and the elements of &1 and G are related to each other in the same manner as by . This
was shown for the case of finite systems in § 5, but follows from it immediately for infinite
systems on the basis of a simple consideration. Thus:

5. Two purely transcendental extensions R(S1), R(S2) of a field R, in which the
irreducible systems &1, Sy contain equally many elements, are equivalent.”'”’

6. If an irreducible system & becomes reducible by the addition of an element a, then
a 1s algebraically dependent on &.

For the reducible system & + a contains a finite reducible system ¥. a must occur in ¥,
because otherwise T would be a part of &, hence irreducible. Let T = T’ + a, and let T’
consist of the elements x1, o, ...x,. Since ¥’ is irreducible, every field of the sequence

R, R = R(x1), Ko = Ri(z2), ... Bp = Ru_1(zn) = KT

is transcendental with respect to the preceding one. If &, (a) were also transcendental with
respect to &, then (§ 5, 9.) every element of T would be algebraically independent of the
system of the remaining elements, so ¥ would be irreducible. Since this is not the case, a is
algebraic with respect to £, = K(T’), hence algebraically dependent on ¥’ and thus also on &.

7. If & is an irreducible system (with respect to &) and the element a is transcendental
with respect to K but algebraically dependent on &, then & contains a definite finite subsystem
T with the following properties: a is algebraically dependent on X; every subsystem of & on
which a depends algebraically contains the system T; if any element of T is replaced by a, then
S passes over into an equivalent irreducible system; none of the remaining elements of & has
this property.

Proof: " %! Let &’ denote any subsystem of & on which a depends algebraically (the system
G itself not excluded). Then & has finite subsystems on which a depends algebraically. " '%°
Let ¥ be one such with as few elements as possible. Let the elements of T be a1, as, ... am,
and let ¥; (i = 1,...m) denote the system that remains after omission of «; from ¥ (in
the case m = 1 the empty system). Since a is algebraically dependent on the system T but
algebraically independent of each of the systems ¥;, the system € + a is reducible, while the
systems ¥; + a are irreducible (Theorem 6.). This holds also in the case m = 1, because a is
transcendental with respect to . Since the irreducible system ¥; + a passes over into the
reducible ¥ 4 a by addition of «;, a; depends algebraically on ¥; 4+ a, and the systems ¥; + a
and ¥ + a are equivalent. Likewise ¥ and T + a are equivalent. Thus we see: The m + 1
systems %; + a, ¥ are equivalent to T + a, hence also to one another.

We now want to show that every subsystem &” of G on which a depends algebraically must
contain the system ¥. For this purpose we denote by i a finite subsystem of &”, consisting of
as few elements as possible, on which a depends algebraically, and demonstrate the identity of

82



Steinitz, Algebraic Theory of Fields §22

il and T. Let 4 consist of the elements 1, ... 5,, and let &l; (i = 1,...n) denote the system
remaining after omission of §; from Y. Then the systems iI; + a and 4 are irreducible and
equivalent to one another as well as to the reducible system 4+ a. — Because of their property
as smallest systems on which a depends algebraically, neither of the systems T, 4l can be a
proper part of the other. If they were therefore different, we might assume that o does not
occur in $ and S; not in . Now let U be the subsystem of & that contains all elements of T
and all of {, and no other element. Since %7 + a is equivalent to the system ¥ contained in ‘U,
we obtain from U a system U’ equivalent to U if we replace o1 by a. U’ contains the system
1+ a, and since this is equivalent to 4, we obtain a system U” equivalent to 2’ if we omit the
element a from U’. According to this, U would be equivalent to a proper part U” of itself,
hence reducible. But that is not possible, because U is a part of the irreducible system &.

Thus T must in fact be contained in every subsystem of & on which a depends algebraically.
If therefore &; (i = 1,...m) denotes the system that remains after omission of «; from &,
then a is algebraically independent of the irreducible system &;, so the system &; + a is
likewise irreducible. But &; + a arises from & when we replace «; by a, or, what comes to
the same thing, ¥ = T; + a; by the equivalent system ¥; + a. Therefore & and &; + a are
equivalent systems. Thus: We obtain a system that is irreducible and equivalent to & if we
replace one of the elements of ¥ by a. — If on the other hand v is an element of & not
occurring in ¥, after whose omission &’ remains, then &’ contains the system ¥, so a depends
algebraically on &', and the system &’ + a, which arises from & when + is replaced by a, is
therefore reducible. It is equivalent to the system &’, and since this, as a proper part of the
irreducible system &, cannot be equivalent to &, &’ + a, too, is not equivalent to &. This
completes the proof of 7. in all its parts.

8. Let i and U be finite irreducible systems of m and n elements respectively; let
n < m, and let U be algebraically dependent on k. Then in the case m = n the systems U and
U are equivalent, but in the case n < m, i is equivalent to an irreducible system that consists
of U and m —n elements of 4.

For let uq,...u,;, be the elements of i, vq,...v, those of U. Since v; is transcendental
with respect to 8 and depends algebraically on L[, then by 7. il contains at least one element
whose replacement by v; turns 4 into an irreducible system equivalent to . This establishes
the assertion for the case n = 1. For n > 1 the proof is to be conducted by complete induction.
Since the system ', which consists of the elements vy,...v,_1, is irreducible and depends
algebraically on 4, we may take it as proved that 4 is equivalent to an irreducible system &I/
that consists of U’ and m —n + 1 elements of 4. v, depends algebraically on ', but not on
0’. If therefore ¥ is the smallest subsystem of ' on which v,, depends algebraically, then T
contains at least one of the m —n + 1 elements of 4. If we replace one such by v, then
becomes an irreducible system equivalent to i, which consists of ¥ and m — n elements of 1.
In the case m = n, therefore, 4l and U are equivalent.

We also see from this that an irreducible system U algebraically dependent on 4l cannot
contain more than m elements. Otherwise a proper part U’ of U consisting of m elements
would, by what has just been proved, be equivalent to 4. U would then be algebraically
dependent on 2, hence reducible. Thus:

9. An irreducible system U that depends algebraically on a finite system U cannot
contain more elements than the latter; in the case of an equal number of elements both systems
are equivalent.
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§23.

The degree of transcendence and the division of fields into classes.

In the following considerations, in which, as before, we refer to a ground field K, we again
make use of the well-ordering theorem.

1. Every system & whose elements are not all algebraic with respect to K is equivalent
to an irreducible subsystem.

Proof: If & contains algebraic elements, then after omission of these there remains a
system equivalent to &, with which we can operate further. We may therefore assume from the
outset that every element of & is transcendental with respect to K. If now, first, & is finite, T
a subsystem equivalent to & of as few elements as possible, then ¥ is evidently also irreducible.

— If the system & is infinite, then we think of it as well-ordered — & = {a, } — and denote by
S, the segment determined by a,. If we omit from & every element a, (v > 0) that depends
algebraically on the associated segment &,,, then there remains a system &’ that is irreducible
and equivalent to &. For, first, ag, because it belongs to &’, is algebraically dependent on
&', If, further, it is assumed as already proved that the elements of the segment &, depend
algebraically on &', then the same holds for a,, because a, either depends algebraically on &,
or belongs to &’. From this there results the equivalence of & and &'. If &' were reducible
and T a finite reducible subsystem of & with as few elements as possible, a, the last element
of T, then a,, because transcendental with respect to K, would not be the only element of T,
and the system T’ which remains after omission of a, from ¥ and is a part of &, would be
irreducible. Consequently (§ 22, 6.) a,, would be algebraically dependent on ¥’, hence also on
S,. But then a, would not belong to &, and we would obtain a contradiction. Thus &' is
irreducible, and with this Theorem 1. is proved.

Now let £ = R(S) denote an arbitrary transcendental extension of 8 Then & is equivalent
to an irreducible system &’, and the elements of & are therefore algebraic with respect to
R(G'). Hence R(S) represents an algebraic extension of £(&'), (&) a purely transcendental
one of K, and we obtain the theorem:

2. FEwvery transcendental extension of a field can be decomposed into a purely transcen-
dental one and an algebraic one following upon it.

Naturally such a decomposition can take place in infinitely many ways. Let us assume that
G1 and G4 are two irreducible systems from £ on which all elements of £ depend algebraically;
then &1 and &, are equivalent. For the case that one of these systems is finite, it was shown
above that the other, too, is finite and contains equally many elements (§ 22, 9.). We shall
show that also in the case of infinite systems the cardinal numbers agree, hence (§ 22, 5.)
£A(61) and £(63) are equivalent extensions of & '?C For this purpose we first introduce some
designations.

If {c,} (0= p < 7)is a well-ordered sequence of elements of an extension field, 7 a limit
number, and if from a definite p on all elements ¢, are equal to one another, say equal to a,
then we say: the sequence has a limit value, this is equal to a; in symbols

lim ¢, = a.

Q=T
— Let there be given a well-ordered double sequence: {c,,} (0 = p <7, 0= v <o), which
we think of as ordered in rows and columns, and let the rows be denoted by 20, so that
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W, ={cw} (0= v < o). If 7is a limit number and every column has a limit value

}}E}_CW/:CL (0=v<o),
then we say: the sequence {20, } has the limit value 20" = {c|,}.

Let & and U = {v,} (0 = pu < 7) be two irreducible systems, well-ordered in an arbitrary
manner, let 20 depend algebraically on i, and let v, denote an arbitrary element of U, 7,
the segment of U determined by v,,. 4 contains (§ 22, 7.) a definite smallest subsystem T on
which v, depends algebraically. € may well contain elements that occur in U, but certainly
contains also elements that do not occur in . If we replace the last of these by v,,, then U
passes over into an irreducible system equivalent to 4 of the same ordinal number. For this
system, completely determined by 4,0 and p, we introduce the sign U,,(4U, D).

Now let 4 = {u,} (0 = v <o) and U = {v,} (0 = p < 7) be irreducible well-ordered
systems, let U depend algebraically on &, and let there be given a double sequence {c,, }
02 u<7 0=v <o), whose rows we denote by 2,,. We shall assume that the following
relations hold:

1) Let every row 20, = {cu} (0 £ v < o) represent an irreducible system and be
equivalent to i, so that U depends algebraically on every system 2J,,.

2) Let 2y = 4, hence cp, = u, (0 = v < o).

3) If 0 < p = 7, p not a limit number, let 20, = ¥,_1(W,—1,V).

4) If 0 < p < 7, p a limit number, let the sequence {2} (0 < A < ) have a limit,
and let this be equal to 2J,,.

If these conditions are satisfied, then we say: the sequence of systems {20,} (0= p=71) —
or also: the double sequence {c,,} — belongs to the pair of systems L1,°0. The hypothesis for
this mode of expression is therefore always that Ll and U are well-ordered irreducible systems
and that U depends algebraically on i1.

By conditions 1) to 4), each row is determined by the ones preceding it, and since 2y = U
is required, we obtain first:

a) No more than one sequence of systems can belong to a pair of systems U,%0. It also
follows immediately from our conditions:

b) If the sequence of systems {20,} (0 < u < 7) belongs to the pair of systems 4,0,
and if 0 < o < 7, U, the segment of U determined by v,, then the sequence of systems {20, }
(0 = p = p) belongs to the pair of systems 4, U,.

We now pick out, under the hypothesis that the sequence of systems {20,} belongs to
0,90, a column {cy,} (0 < g < 7) from the double sequence {c,, }. If not all elements of the
column are equal to the initial element co, = u,, then let c¢,, be the first one different from
u,. Then p cannot be a limit number, because otherwise by 4) c,, represents the limit of
{cuw} (0= 1 < p), hence is equal to preceding elements of the column. Since g is not a limit
number, by 3) W, = ¥,-1(W,—_1,Y), and W, arises from W,_; when a certain element of
20,1 is replaced by v,—1. Now since ¢, is different from c,—1,, ¢o = v,—1 must hold. But
then for every u > o ¢, = v,—1. For if instead p denotes the smallest ordinal number > o for
which ¢, # v,—1, then, as before, it follows that y is not a limit number and that 20, arises
from 20,1 when ¢, 1, = v, is replaced by c¢,, = v,—1. But according to the definition
of the sign ¥, ¥,—1(W,—1,Y) arises from W, _; when a certain element of 2,,_; that does

) Note at this place the equality sign before 7.
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not belong to the segment of U determined by v,_; is replaced by v,_1. The element v,_1,
however, belongs to this segment. From this follows

c) If the sequence of systems {20,} (0 = p = 7), where 20, = {c., }, belongs to the
pair of systems 4,2, then in a column {c,,} (0 < p < 7) either all elements are equal to u,,
or there exists an ordinal number o, 0 < ¢ < 7, that is not a limit number, such that ¢, = w,
for p < o, ¢y = vo—1 for p 2 .

If, under the same hypotheses, we pick out an arbitrary element v,_; from 2, then by 3)
it occurs in 20, say as cy; and since, as p runs through the ordinal numbers > p, it cannot,
as we saw, be replaced by any v,_1, v,—1 occurs in every system 20,, whose index is p = p.
Thus:

d) If the sequence of systems {20,} (0 = p < 7) belongs to the pair of systems
W ={v,} (0= p<7),and if U, (0 < p < 7) denotes the segment determined by v, while
we put U = V., then 2, (0 < p < 7) contains all elements of U, (naturally not necessarily
in the same order as ;).

We now assert:

e) To every pair 4,0 of irreducible well-ordered systems, the second of which depends
algebraically on the first, there belongs a sequence of systems.

We put as before U = {u,} (0 = v <o),V =D, = {v,} (0= p < 7) and denote by
0, the segment of U determined by v,. In the case 7 = 1 we evidently obtain the required
sequence of systems by putting 2y = LU, W, = Jo(L, V). For 7 > 1, e) is to be proved by
induction. — If 7 is not a limit number, then, first, a sequence of systems {20,} (0 = u = 7—-1)
belongs to the pair of systems (0,1, and if we put ¥,_1(2,_1,0) = W, then it follows
immediately that the sequence of systems {20,} (0 < p < 7) meets all conditions 1) to 4),
hence belongs to 4,%0. — Let 7 be a limit number. If, then, 0 < A < ¢ < 7, there belongs
to the pair 4,0, one, and by a) only one, sequence of systems {20,} (0 < p < p), and it
follows from b) that the subsequence {20,} (0 < p < X) belongs to U, U,. Consequently
for every p < 7 there exists a uniquely determined system 20, such that the segment of
the sequence {20,} (0 < p < 7) reaching up to a 20, (inclusive) represents the sequence of
systems belonging to 4, 0,. We put 20,, = {cu} (0 = v < 0) and consider a column {c,, }
(0 = p < 7). If not all elements are equal to u, and if ¢,, is the first one different from w,,
then all elements of the column following upon ¢,, are equal to c,,, because the assumption
Cov 7 Covy Cov 7 Coy 0 < 2 is, by ¢), incompatible with the fact that the sequence {20, }
(0 < p < ) belongs to U, U,,. Therefore every column, and consequently also the sequence
{20,} (0 = p < 7), has a limit. We put

Li_n;imu =0W,, W, ={c} (0Sv<o)
and assert that the sequence of systems {20,} (0 =< u < 7) belongs to ,0. — In order to
prove this, we have to show two things, namely:
f) 20, is irreducible,
g) W, is equivalent to Wy = L.

If the system 20, were reducible, it would contain a finite reducible subsystem ¥. Every
element of T, as limit value of its column, is equal to preceding elements of this column, and
since T contains only finitely many elements, we can determine ¢ < 7 so that all elements
of T already occur in 20,. According to this 20, would be reducible, which contradicts
the circumstance that the sequence of systems {20,} (0 < p < p) belongs to ,%0,. This
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proves f). — An arbitrary element of U can be denoted by v,—_1, where p < 7. v,_; occurs

in 20,, say as ¢y, and then in {c,} (0 = p < 7) for every p 2 ¢ ¢ = v,—1, hence also

crp = lim ¢y, = vy—1. W, therefore contains all elements of 2. Since further every element
Q=T

of 20, already occurs in a system 20, (¢ < 7) and 20, is equivalent to 2y, 2, depends
algebraically on 20y, and in order to prove g) we still have to show that 20y, too, depends
algebraically on 20,. For this purpose we carry out a more general demonstration. We denote
by 20,, (0= =7, 0 <v <o) the segment of 20, determined by c,,, and put 20, = 20,,,.
We denote further by 20;,, (0 < 4 = 7, 0 < v < o) that subsystem of 20, that contains
all elements of 20,,,,, all elements of %, but otherwise no element, and put 0, = Wo,
(0 < v = o). We now assert:

h) Every system 20, (0 = = 7, 0 < v < 0) is algebraically dependent on every
system 0}, (1 = 0 = 7).

This assertion, namely if we choose y = 0, v = o, o = 7, also contains the assertion
that 20y depends algebraically on 20,. Thus h) proves g), and therefore e). Now should the
assertion h) not hold for every system QU;W, then we choose from among the systems for which
it does not hold one whose second index v is as small as possible. We then seek for this QI];W
that mx’g,, with smallest index ¢ > p on which Qﬂ;w does not depend algebraically. Now let a
be an element of Qﬂ;w that does not depend algebraically on Qﬂ’gy. Then a does not belong
to QB’QZ,, hence not to U, either, hence not to ¥, either, and consequently belongs to 20,,,.
Further, a must be the last element of 20,,,,. Otherwise a would belong to a segment 20,
of 20,,,, hence also to the system ?ZHL \; since this, because of the minimum property of v,
depends algebraically on 20/, and 2, is a part of 20, a would depend algebraically on
QI]’QV. Consequently a is the last element of 20,,,,, hence v is not a limit number, and we have

a4 = Cyv—1, ww/ = w,u,z/fl + Cup—1,
and since a does not belong to U,
!/ !/
QI]W = mu,u—l + C,u,,uflv

(where in the case v = 1 both 20,1 and 20, ,_; denote the empty system). If we let A
run through all numbers that are = p and < o, then, because of the minimum property of o,
QII;W is algebraically dependent on every system 20 ,, and therefore none of these systems
can depend algebraically on Qﬂ’gy. Now, however, all elements of 20, except ¢y, 1 belong to
W), ,_;, hence depend algebraically on 20, ,_; and thus on 20, Thus c), 1 cannot depend
algebraically on QB’QV. The elements c) ,—1 must therefore be different from the element ¢, , 1
contained in 2}, From this it follows that ¢ is not a limit number and

(1) Co—1pv—1 = Up—-1, Coprv—1 = Vp—1, mg = ﬂgfl(mgfla Qj)

holds. Let T denote the smallest subsystem of 20,_1 on which v,_; depends algebraically.
According to the definition of the sign ¥,_1, 20, arises from 20,_; when the last of the elements
of T not belonging to U, is replaced by v,_;. In consequence of (1.), co—1—1 = uy—1 must
be this last element; but that means that every element of T belongs either to 20,1, or to
U,—1. If therefore T denotes the system into which T passes when v,_; is substituted for
u,,—1, then every element of T’ belongs either to 2, ,, or to U, _1; T’ is therefore a part of 2.
On the other hand ¥’ is equivalent to ¥, and the element contained in ¥, a = uy—1 = Cp—1,-1,
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therefore depends algebraically on Qﬁ’gy. Since this contradicts what precedes, the assertion h)
holds for all systems QIT;W, and thus e) is proved.

What is of interest for our purpose is solely the fact that the system U, as a part of
2., is mapped one-to-one onto a part of 4 in the similar correspondence existing between
U =Wy and 2W,. If the systems U and Y are equivalent, then it follows in the same way
that a one-to-one map of 4 onto a part of U is possible. But from this it follows, by a known
theorem of Bernstein, that a one-to-one correspondence between 4l and U is also possible,

and thus:
3.  FEquivalent irreducible systems have the same cardinal number.

If a transcendental extension £ of a field R is decomposed, by insertion of a field R(S),
into a purely transcendental and an algebraic one, then we obtain from this one decomposition
all possible ones by replacing the irreducible system & by all possible equivalent irreducible
systems. The cardinal number of & is therefore completely determined by £ and £; we call it
the degree of transcendence of the extension or degree of transcendence of £ with respect to K.
To algebraic extensions we ascribe the degree of transcendence 0.

Let £ be a field between K and 9, G a system of elements of £ irreducible with respect to
R, T a system of elements of 91 irreducible with respect to £. Let £ be algebraic with respect
to R(S), M with respect to £(%), so that the cardinal numbers s and ¢t of & and T represent
the degrees of transcendence of £ with respect to £ and of 9 with respect to £."*7 — With
respect to £(S + T) all elements of £ and all of T are then algebraic. But by adjoining all
these elements to R(6 + ¥) we obtain the field £(%), which is therefore algebraic with respect
to R(G + T). Since likewise 9 is algebraic with respect to £(%), 9 represents an algebraic
extension of (& + T). — We consider an arbitrary finite subsystem of & + T and represent
it in the form & + T/, where &' is a part of &, ¥’ a part of . &' is irreducible with respect
to R, ¥ with respect to £, hence also with respect to £(&’). If therefore &’ consists of the
elements x1,...x,,, ¥ of the elements y1,...y,, then each of the elements x1,... T, y1,...Yn
is transcendental with respect to the field that arises by adjoining the preceding ones to K,
and therefore, with respect to K, none of these elements depends algebraically on the system
of the remaining ones. With respect to £ the system &’ + T’ is therefore irreducible, and since
it represents an arbitrary finite subsystem of & + ¥, & + T, too, is irreducible with respect to
£ (§ 22, 4.). The cardinal number of & + ¥ is denoted by s + ¢, and the theorem therefore
holds:

4.  An extension that is composed of two successive extensions of the degrees of
transcendence s and t has the degree of transcendence s + t.

One sees immediately that this also holds if s or ¢ is equal to 0.

By the absolute degree of transcendence of a field R we understand its degree of transcen-
dence with respect to the prime field, and we combine into a class K., all those fields (or field
types) that have the same characteristic ¢ and the same absolute degree of transcendence t. ¢
can be 0 or an arbitrary prime number, ¢ 0 or a natural number or an arbitrary transfinite
cardinal number. In every class K.; we have two remarkable types. For if we carry out, on a
prime field P, a purely transcendental extension of degree of transcendence t, we arrive at a
well-determined type (§ 22, 5.), which belongs to the class K.; and may be denoted by R ;.
Further, by § 21, 9., a definite algebraically closed type belongs to this — let it be called 2. ; —
which arises from 2R.; by algebraic extension, and therefore likewise belongs to the class K ;.
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5. If a field %/c,t of the type R is extended algebraically to an algebraically closed
field A ,, then all fields between Ry, and A, belong to the class K.r. But also every type of
the class K.y is represented by at least one field between R, and A, ;.

That all fields between 9., and A, ; belong to the class K. follows from the fact that
they are algebraic with respect to M., and R, belongs to this class. Next, it follows from
our hypotheses that Ql'qt is of the type 2. ;. Now let & be an arbitrary field of the class K¢,
B, the prime field contained in &. From & we can pick out a system & irreducible with
respect to B, in such a way that £ is algebraic with respect to R.; = B.(6). If we extend
£ algebraically to an algebraically closed field 2., then this is also algebraic with respect
to ?C,t. From the membership of & in K. it follows that & has the cardinal number ¢, ﬁc,t
is of the type Rcy, Ay of the type A, Further, it follows (cf. the proof of § 21, 9.) that
A+ can be mapped isomorphically onto Ql/c,t in such a way that ., passes over into ﬁi;t. In
doing so, R is related isomorphically to a field between ER’C’t and Ql'gt; the type of R is therefore
represented among these fields. — If & is itself algebraically closed, then & = 2., is of the
type 2. ;. Consequently:

6. The type AU is the only algebraically closed one of the class K ;. 128

§24.

Supplementary remarks of various content.

The cardinal number (power, number of the elements) of a field. — From the well-ordering
theorem it follows easily that the cardinal numbers, too, form a well-ordered sequence, that
the sum and the product of two cardinal numbers, of which at least one is transfinite, is
equal to the greater, that the system of all finite subsets of an infinite set M has the same
power as M. From this one concludes further that the number of the integral functions of an
indeterminate x in an infinite field is not greater than the number of the elements of the field,
and that the same holds for the zeros of these functions. Algebraic extension of an infinite
field therefore does not raise its power. A further simple consequence of the theorems cited is
that in the case t = Ny (where Xy denotes the smallest transfinite cardinal number, the power
of the countable sets) the field PR, ¢, and therefore every field of the class K., has the cardinal
number ¢, while in the case of a finite ¢ a field of the class K., if it is not finite (which can
be the case only for ¢ = p, ¢t = 0), has X elements. — For a field whose elements are not
countable, the cardinal number therefore coincides with the absolute degree of transcendence.
Since the continuum is not countable, one concludes (§ 23, 6.) that all algebraically closed
fields of the power of the continuum and of characteristic 0 are isomorphic to one another.
These fields include the field of complex numbers and the field of all algebraic functions of
one or several variables, among others.

The theorem of Liiroth. — Theorem II of § 14 has the following counterpart:

If R(z) is a simple transcendental extension of R, then every field between R and R(x) is
also simple with respect to K.

We can also formulate this theorem thus: If £ is a purely transcendental extension of
R with degree of transcendence 1, then every field between R and £ also represents a purely
transcendental extension of K. — The obvious question whether the same theorem holds for
every purely transcendental extension has not yet been settled. ™ '?”
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In order to arrive at a proof of the theorem of Liiroth, we introduce beside z a new
indeterminate ¢ and consider the integral functions of ¢ with coefficients from &(x). To every
such function g(t) there belongs a function, arising from it by multiplication by a factor from
K(z), primitive with respect to x

g(t) = eo(a)t" + p1(2)t" ' 4+ -+ on(2),

which is distinguished by the fact that its coefficients are integral functions of x that do not
all have a common divisor. This function is determined up to a factor from R; if one wants
it to be completely determined, one may further decree that in ¢g(z) the coefficient of the
highest power shall be e. — One shows in a known manner that the product of two primitive
functions is again primitive, and from this it follows at once that from an equation of the
form f(t) = g(t) - h(t), where f(t), g(t), h(t) are integral functions of ¢ with coefficients from
R(z), one again obtains a correct equation if one replaces these functions by the associated
primitive ones.

Let % be a rational function of ¢ with coefficients from R in reduced form, m its degree

(> 0), y an element transcendental with respect to £(¢). Then the function

p(t) —y - p(t)

is of degree m in t, it is primitive in y and, as we shall show at once, irreducible in the field
R(y). For if one had a decomposition

p(t) —y-9(t) = g(t) - h(2),

then on the transition to the functions primitive in y the left side would not change; we
may therefore assume from the outset that g(¢) and h(t) are primitive. Then one of these
functions, say g(t), would have to be free of y, the other of the first degree in y. But then one
recognizes, by ordering according to powers of y, that g(t) would have to go into ¢(¢) and

Y (t), whereas ¢(t) and 1 (t) were presupposed to be relatively prime. — If we put y = zgg,

then R(y) becomes a field between & and £(z), and = a zero of the function ¢(t) — y - ¥(¢),
which is of degree m and irreducible in K(y); consequently [R(x) : K(y)] = m, i.e. the degree
of K(x) with respect to £(y) is equal to the degree of y as a rational function of z. — We
now show that the function

() - (p(t) —y-9(t) = e(t)(x) — Y(t)e(z)

is primitive in x as an integral function of ¢. For this purpose we put

o@)=ay+az+--, @) =by+bx+---,

so that
e(t)(x) —p(t)p(x) = (ao(x) — bow(x)) + (a1 (z) — brp(x))t + -

holds. Now if all the coefficients ; = a;1(z) — bip(z) had a common factor x(z), then this
would also go into all the expressions

Yibe — b = (aiby, — apbi)p(x),  viar — yra; = (aiby — apbs)e(x),
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and hence, because we can (since m > 0) choose i and k so that a;by — arb; # 0 holds, also
into ¢(z) and v (x), which contradicts the assumption that ¢(x) and ¢ (z) are relatively prime.
If therefore p(t)1(x) — 9 (t)p(x) breaks up into two factors in the domain of integrity K[¢, z],
then none of them can be a function of x alone. In exactly the same way one shows that
neither of the two factors can be a function of ¢ alone.

Now let 9 be an arbitrary field, different from K, between & and &(x). Then K(z) is
finite with respect to 9t; for if y is an element of 9% not contained in K, then, as we saw, &(z)
is finite with respect to £&(y), and 9 lies between K(y) and K(x). Let

(1.) [R(z) : M] =n.
Then z is a zero of an irreducible function of degree n from 9
g(t) =t" +urt™ 4+,

whose coefficients, since z is transcendental with respect to K, cannot all occur in K. Let
Y= ig‘% in reduced form be one of the coefficients of ¢g(¢) that do not occur in &, m its degree
in . Then 9 lies between K(y) and K(x), and we obtain [R(x) : R(y)] = m, hence because of

(1)
(2.) [ R(y)] =

v

, m

m
— n.
n

To ¢g(t) there belongs a function primitive in x

g(t) = po(x)t" + o1 ()" + - + on(x),

ek ()
vo(x)
degree m in x. — Now x is a zero of the function ¢(t) — y1(t) belonging to the field 9t; this

must therefore be divisible by the function g(¢) irreducible in 9. We therefore obtain

where =ug (k=1,...n). Since y also occurs among the functions ug, g(t) is at least of

o) — 29 ) = (o) - (o),

¥(x)
and, if we pass over to the associated functions primitive in x,
(3.) p(t)(z) —P(t)p(z) = g(t)h(1).

The left side of (3.) is of degree m in x, g(t) is, as we saw, at least of degree m in z; from (3.)
it therefore now follows that g(t) must be ezactly of degree m in x and h(t) free of z. Since it
was further shown that ¢(¢)1(x) — ¥ (t)¢(x) can have no factor that is a function of ¢ alone,
h(t) cannot contain ¢ either, and we obtain, by comparing the degrees in ¢ on both sides of

(3.),

and from this by (2.)
M = K(y)-

This proves the theorem of Liiroth.
This “rational” proof of the theorem has the advantage that it holds without any restriction
for all fields R, whereas the usual form of proof presupposes that the field K is perfect and
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has infinitely many elements. This form of proof requires cumbersome modifications in the
case of an imperfect field; for finite fields it fails entirely.

The algebraically closed extensions. — The demonstration of the existence of an alge-
braically closed extension belonging to a given field 8 does not yet give us a method for
actually producing such an extension. Even for the arrangement of the elements of a field
R into a well-ordered system, to which that proof refers, there is in the nature of things no
general method. However, the production of an algebraically closed extension is by no means
bound to an already executed well-ordering of K. Two examples of this. In both, the ground
field is of the power of the continuum — a power of which, as is known, it has not yet even
been possible to establish whether it equals Ny, the second transfinite cardinal number. Fields
of this power include, among others, the field of the real or of the complex numbers, the field
of the rational functions of a variable z with complex coefficients, and then also the field K (p)
of the so-called p-adic numbers introduced by K. Hensel).

In the case 8 = K(p) we reach the goal on the basis of various investigations that Hensel
has carried out in the work cited and in a treatise that appeared recently in this Journall6™).
Essential here is the demonstration that every integral function f(x) from K(p) breaks up
completely in a field that arises from K (p) by adjunction of a zero of a function g(x) that is
irreducible in K (p) and whose coefficients are ordinary integers. This demonstrates that the
system of all integral functions from K(p) is equivalent to the system S of integral functions
with integer coefficients. Now while the first-named system is of the power of the continuum,
the system S is countable and can therefore be ordered into a simple sequence. If we have
decided on some arrangement and denote the functions thus ordered by f,(x), where n runs
through the natural numbers, then by the methods of Hensel we can compute the first function
from S that is equivalent to the system

fi(@), fo(z), ., ful2)

and that is irreducible in K (p) and moreover normal, by a finite procedure. If this is denoted
by ¢n(z), then we have a system of normal functions

@1($)7¢2($)7 - 'a(/)n(x)v s

in which every segment is subordinate to the following function. If we introduce a system
of symbols j,, with the decree that j, shall be a zero of ¢, (), then we obtain a system of
extensions of the field R = K(p):

(4.) R1 = 8G1)s. - F = K(jn), .- ..

If r,, denotes the degree of ¢, (z), then every element of 8, is representable in the form g¢(jy,),
where g(x) is an integral function from K (p) and its degree is smaller than r,. r,_1 of the
elements of &, are zeros of ¢, _1(x). Now if we want every field of the sequence (4.) to be
part of the following one, so that, as in the case treated in § 16, these fields in their totality
constitute the algebraically closed field sought, then we must still decree which of the zeros of

") Theorie der algebraischen Zahlen I (Leipzig and Berlin 1908).
™) Vol. 136 (1909), p. 183.

16 The Journal fiir die reine und angewandte Mathematik. — Trans.
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©n—1(x) contained in &, shall be equal to j,—1. Now it is true that it has so far not been
possible to represent K (p) or any system of the power of the continuum as a well-ordered
system; on the other hand K (p) can very easily be represented as an ordered system™). On
the basis of such an ordering of K (p) we obtain an arrangement of the integral functions
from K (p) by prescribing that the function g(z) = ag + ajx + - - - shall precede the function
h(z) = by + biz + --- if, in the case ap = by (k < n), ap, # by, the element a,, is earlier than
b,. Then we can stipulate that, if g(z) is the first function from K(p) that, for z = j,, goes
over into a zero of ¢,,_1(x), g(jn) = jn—1 shall hold. — This solves the problem.

In the second place we consider the field & = €(z), which arises from the field € of the
complex numbers by adjunction of a transcendental element z (field of the rational functions
of one variable). Here the system of all integral functions of an indeterminate = in K is no
longer equivalent to a countable system, but here the production of an algebraically closed
extension of R (without the principle of choice) succeeds easily with the resources of analysis.
Namely, let 2 be the system of all series, convergent for sufficiently small values of r, of the
form

Xk, Kk .k
Z agrn (cos —p + isin —p),
n n
k=q
k

where r denotes a positive, ¢ a real variable, n any natural number, ¢ any integer, r» is
always to be taken positive, and the coeflicients ax, whose index k runs through all integers
from g upwards, are arbitrary complex numbers. Every such series represents, in its domain
of convergence, a single-valued function of » and . Two series count as the same element of
2l if they converge to the same value for all pairs of values r, ¢ of their domain of convergence.
To two elements «, 8 from 2 there belong, as one shows in a known manner, two further ones
v, 6 such that, within the common area of convergence, the relations

(5.) at+B=7, a-B=6

hold between «, 3,7, d as functions of r and ¢. If we let the equations (5.) count as equations
of composition for 2, then 2 becomes a system with double composition, which easily proves
to be an algebraically closed field. To every element R(z) of & = €(z) there corresponds in
20 an element « such that, for sufficiently small values of r, R(r(cosp + isinp)) becomes
equal to a. The field £ is thus mapped isomorphically onto a subfield & of 2, and since 2
is algebraically closed, the elements of 2 algebraic with respect to & form a field 2’ that is
algebraically closed and algebraic with respect to £'.

Isomorphic map of a field onto a subfield. — If £ is an algebraic extension of the field &,
£ a field between K and £ and different from £, @ an element of £ not contained in £', ¢(z)
the irreducible function from & with the zero «, then the number of the irreducible factors
of () is greater in the field £ than in the field £, £ and £’ are therefore not equivalent
extensions. If £ is a prime field, then £ and £’ cannot be isomorphic, because under an
isomorphic correspondence between £ and £ every element of the prime field would remain
unchanged, and £ and £’ would therefore represent equivalent extensions of £. This proves:

1. An absolutely algebraic field is isomorphic to mo proper part of itself.

) Hensel, Neue Grundlagen der Arithmetik. This Journal vol. 127, p. 52, 53.
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Since every subfield of an absolutely algebraic field is again absolutely algebraic, there
holds

2. Two subfields of an absolutely algebraic field, of which the one is a proper part of
the other, cannot be isomorphic.

The property denoted by 2. is characteristic of the absolutely algebraic fields; for if the
field £ is not absolutely algebraic and x is an element transcendental with respect to its prime
field 93, then P(x?) is a proper part of P(x), but both fields are isomorphic. On the other
hand 1. expresses no characteristic property of absolutely algebraic fields; for one sees very
easily that e.g. a field of the type %, where ¢ is finite, cannot be isomorphic to any proper
part of itself.

Among the fields that are isomorphic to a proper part of themselves, we have to distinguish
two kinds. A representative of the first kind is the field 2. ;. It has infinitely many subfields,
which, however, except for the prime field, are all of the type R, by the theorem of Liroth. A
field lying between a field 9. 1 and an isomorphic subfield is therefore always again isomorphic
to Rc,1. The field A ; for infinite ¢ is of another kind. By adjunction of a transcendental
element x there arises from 2. a field A.(x) that again has the degree of transcendence ¢,
but is evidently not algebraically closed, hence not of the type 2. ;. But if we extend . +(x)
algebraically to an algebraically closed field, then this is again of the type 2. ;. Here, therefore,
between two isomorphic fields there lies a non-isomorphic one. Every time such a case occurs,
we have two fields K1, Rs of different types, each of which is isomorphic to a part of the other.
The subfields of K; therefore represent the same types as the subfields of RKs.
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Appendix A

Outline of Galois Theory*)

By Reinhold Baer and Helmut Hasse

This appendiz is not by Steinitz. Its references to Steinitz’s text, to the Explanatory Notes (Appendiz B)
and to itself are to the pages of this edition.

We consider a ground field £ and a field 9 containing &, algebraic over £ and normal™™,
both of which we wish to hold fixed in what follows. Our task is to gain an overview of the
intermediate fields 3 between & and 91 by studying the so-called Galois group”™ ) of N; we
shall further show for which classes of extensions of K the procedure of studying the subgroups
of the Galois group gives information about the intermediate fields.

The totality N of the automorphisms of M [= isomorphic maps of M onto itself] for which
R remains elementwise invariant is called the group of M.

One verifies at once that IV is a group.

We now make an assignment of intermediate fields and subgroups:

If U is a subgroup of N, let there be as- If 3 is an intermediate field between R
signed to U the totality (U) of all and only and N, let there be assigned to 3 the totality
those elements of M that go into themselves N(3) of all and only those elements of N
under every map in U. that leave every element of 3 invariant.

Then we have:

NU) is always an intermediate field be- N(3) is always a subgroup of N.
tween R and MN.
For:
Since U is a subset of N, U leaves all If the element a of N(3) leaves the field 3
elements of K invariant; 91(U) contains K. elementwise invariant, so do a~! and, along
Since further the elements of U are isomor- with a and b, also a - b.

phisms, they leave invariant, along with a
and b, alsoa+ b, a-band a: b for b # 0,
ie. N(U) is a subfield of N.

) The account of Galois theory given here rests on ideas of Steinitz and Dedekind.

Cf. 1. H. Hasse: Hohere Algebra II (1927).

2. O. Haupt: Einfihrung in die Algebra II (1929), Fiinfter Abschnitt.

3. A. Loewy: Neue elementare Begrindung und Erweiterung der Galoisschen Theorie, Sitz.-Ber. d.
Heidelberger Ak. d. Wiss. Math.-nat. K1. 1925 (7) and 1927 (1).

4. F. K. Schmidt: Bemerkungen zum Brandtschen Gruppoid, Sitz.-Ber. d. Heidelberger Ak. d. Wiss.
Math.-nat. Kl. 1927 (8), p. 97 fI.

5. W. Krull: Galoissche Theorie der unendlichen algebraischen Erweiterungen, Math. Ann. vol. 100 (1928),
p- 687.

6. R. Baer: Beitrage zur Galoisschen Theorie, Sitz.-Ber. d. Heidelberger Ak. d. Wiss. Math.-nat. Kl. 1928
(14).

7. E. Steinitz: Algebraische Theorie der Kérper, which we cite in what follows merely by giving the pages or
sections and theorems, while our Explanatory Notes on it are cited simply by their numbers.
) Cf. p. 28.
) Cf. p. 48.
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Further, as follows at once from the definition:

We investigate when the equations:

NU)| =U NNE)] =3

always hold. If both equations hold, we have obtained the desired one-to-one assignment
between subgroups of N on the one hand and intermediate fields between & and 91 on the
other.

As a result of this investigation it will turn out:

The two equations always hold if and only if

1. N is of the first kind over K and
2. M is finite over K.

Definition 1: Two fields 3 and 3 between & and N are called conjugate [over K] if they
can be carried into each other by automorphisms in N.

Lemma 1: Two intermediate fields 3 and 3 between & and N are conjugate if and only if
they are equivalent extensions of R.

The necessity of the condition is trivial. To prove its sufficiency, we prove somewhat more,
namely:

Lemma 1a: If 3 and 3 are two fields between & and N and there is an isomorphism
between 3 and 3 that assigns each element of & to itself, then there is an automorphism p in
N that extends 7.

For the proof we first think of a well-ordering of 91 as given, and then construct two chains
of fields and a chain of isomorphisms between the fields of the two chains.

1. Rg =3, & =3, 19 =T.

2. Suppose already constructed for all ;1 < v: the field &, between & and 91, the field £,
between K and O and the isomorphism 7, between £, and £,; for o0 < p1 let £, be a subfield
of R, £, a subfield of £, and let 7, be extended by =,.

Case 1: Let v not be a limit number. Then let a, be the first element of 91 that does not
yet occur in K, [if there is none, we have already reached the end of our construction|, and
ﬁy = ﬁy_1(ay).

Since 1 is algebraic over R, a,, satisfies an irreducible equation ¢, () = 0 with coefficients
in 8,_1. To this equation 7,_1 assigns a certain equation 1, (z) = 0 with coefficients in £,_1,
necessarily also irreducible. We then assert:

ou(x) and 1, (x) are divisors of the same irreducible polynomial x,(x) with coefficients in
R.

For let x,(z) = ¢, (x) - fu(x); then f,(z) is also a polynomial with coefficients in &,_1.
To this m,_1 assigns a polynomial g, (z) with coefficients in £,_1. Since finally 7,_; extends

*) If A and B are two sets, A > B means that B is a subset of A.
™) Here 1. goes back to E. Steinitz, 2. to W. Krull.
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the isomorphism 7y = 7, and therefore assigns every element of K to itself, m,_; assigns the
polynomial y,(z) to itself, and so we have: y,(x) = ¢, (z) - g,(x), which proves our assertion.

Since x,(x) has the zero a, in 91 and N is normal over &, x,(z), and hence also ¢, (x)
and v, (x), break up into linear factors in M. So there is a zero in N, and hence also a first
zero b, of 1, (x) in the well-ordering of M. We put £, = £,_1(b,).

By the theorem stated in Erl. 53 there is therefore an isomorphism 7, between K, and £,
that extends 7,_1 and in particular assigns b, to aV*).

Case 2: Let v be a limit number. Then let £, be the union of all &, with 4 < v, and £,
the union of all £, with u < v. By § 2, Theorem 2 these £, and £, are fields between & and
M. Further let 7, be the union isomorphism (cf. Erl. 111) of all 7, with p < v.

This process is continued until at some point &, = N [0 is then certainly at most equal to
the order type of 9. We assert:

L =N

For if Ay () is an irreducible, non-linear polynomial in £, then 7, assigns to it an irreducible,
non-linear polynomial s, (z) with coefficients in K,. As shown above, A\;(z) and »,(z) are
then divisors of the same irreducible polynomial s(z) in K. Since 2 is normal over & and
»#,(x) has no zero in N [R, = N, »(x), and hence also its divisor \,(z), has no zeros in N,
i.e. an irreducible equation in £, that has zeros in 91 is linear, so its solutions belong to £,,
which proves our assertion.

If we now put p = n,, then p is the desired automorphism; for n, extends my = 7 and is
an isomorphism between K, = 91 and £, = M, i.e. an automorphism in N extending 7.

Definition 2: Two elements a1 and as of N are called conjugate [over K], if there is an
automorphism a in N that carries a; into as.

Lemma 2: The elements a1 and ay are conjugate over R if and only if they satisfy the
same irreducible equation in R.

A. Let a; and ay be conjugate and say as = a(a;). Further let

Since under a the elements of K each go into themselves, the application of a to the above
equation yields:

i.e. ag too is a zero of f(x).
B. Conversely, suppose a; and as satisfy the same irreducible equation in £. Then by the
theorem stated in Erl. 53 there is an isomorphism 7 between £(a;) and R(az) that assigns

) This determines , uniquely.
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every element of K to itself and as to a;. By Lemma la, 7w can be extended to a desired
automorphism a in N .

Theorem 1: A field 3 between & and N is normal if and only if it is identical with its
conjugates, i.e. if it goes into itself under all automorphisms in N.

A. Suppose 3 goes into itself under all automorphisms in N; let a be an arbitrary element
of 3, a(x) = 0 the irreducible equation in R that a satisfies, and b an arbitrary other root of
a(z) = 0. By Lemma 2 there is an automorphism in N that carries a into b; so b belongs to
3, so a(x) breaks up completely in 3 and, since this holds for every irreducible a(x) in K that
has a zero in 3, 3 is normal over R.

B. Conversely, if 3 is normal over £ and a an arbitrary element of 3, then under auto-
morphisms in N, by Lemma 2, a goes only into elements b that satisfy the same irreducible
equation in £ as a and that therefore, because 3 is normal, themselves belong to 3. So 3 goes
under all automorphisms of N into a part of itself. But since with a also a~! belongs to N, 3
goes under automorphisms in N exactly into itself.

From Theorem 1 there follows immediately the

Addendum 1: If 9y is a field containing N, normal and algebraic over R [e.g. an
algebraically closed one, then a field 3 between 8 and N is normal if and only if it goes into
itself under all automorphisms of My that leave K elementwise invariant.

Addendum 2: If the field 3 between K and N just suffices to break up a set ¥ of
polynomials in K completely, then 3 is normal over R.

Proof™: Since 3 just suffices for the breaking up of the polynomials in 3, 3 can be
obtained from K by adjunction of all the zeros [contained in 91] of the polynomials in ¥. By
Lemma 2, under automorphisms in N this system & of all zeros of polynomials in 3 goes into
itself; hence 3 = R(S) goes into itself under all automorphisms in N, and is therefore normal
over R by Theorem 1.

Definition 3: If 3 is a field between & and N, let the mapping degree A[3 : R] of 3 over
R be the cardinality of the set of the distinct isomorphisms of 3 effected by automorphisms in
N [which need not all map 3 onto itself], i.e. the cardinality of the set of cosets of N with
respect to N(3), the index of N(3) in N.

Theorem 2: We have

Al3: R =1,

if and only if either 3 = 8 or 3 is a root field ) over K.

Proof: For by Lemma 2 the element a of 3 goes into itself under all automorphisms in N if
no element different from a satisfies the irreducible equation a(x) = 0 in & that a satisfies. But
by p. 33, equation (4), this is the case if and only if either a(z) is linear or a(z) = 2P" —¢ = 0,
where in the second case p # 0 is the characteristic of K.

) That the use of Lemma la in the proof of Lemma 2 is grounded in the nature of the matter is shown by
the theorem that extensions which share with the normal extensions the property stated in Lemma 2 also
share with them that of Lemma la; cf. R. Baer: Abbildungseigenschaften algebraischer Erweiterungen, § 3 (to
appear shortly in the Math. Zeitschr.).

™) The theorem is also proved by Steinitz, cf. § 8 Theorem 6; there, however, use is made of the theorem on
symmetric functions, whose use is avoided here in the whole construction of Galois theory and in particular in
the proof of this theorem.

) Cf. p. 43.
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Addendum: If 3 is an intermediate field between K and N and 3g is the field between K
and 3 uniquely determined by § 14, Theorem 1 such that 3o is of the first kind”) over & and 3
is a root field over 3¢ [possibly 3 = 3¢/, then:

A[3: Rl = Al30: R].

For if a; and as are two automorphisms in N that effect the same isomorphism in 3, then
ai - ay L effects the identical isomorphism in 30; so by Theorem 2, if we let 3 take the place
of the ground field R only there, a1 - a5 ! must effect the identical isomorphism in 3; hence a;
and as effect the same isomorphism in 3 if and only if they effect the same isomorphism in
30, from which our addendum follows.

To determine the mapping degree we therefore now need only investigate extensions of
the first kind.

Definition 4: If 3 is finite over 8, let the basis degree B[3 : 8] = [3: 8] but if 3 is
infinite over R, let R, for 0 S v < o be a tower of fields generating 3 such that

1. Rp =R,

2. Ry41 ts simple over R,

3. if v is a limit number, &, is the union of all K, with pn < v, that is, by § 2, Theorem 2,
a fleld,

4. Ro =3

holds; then let the basis degree B[3 : K] be the smallest cardinality that the set of fields of
such a generating tower of fields can have.” ™)

Theorem 3: Let 3 be a field between K and N, and specifically one of the first kind over
R.

a) If 3 is finite over R, then:

Al3: 8] =B[3: 8]
b) If 3 is infinite over R, then:

A[3: 8] = 2838 > B3 g,

Proof: ad a) By § 13, Theorem 7, 3 is a simple extension of &, i.e. 3 = R(a)******). Let

a=a,...,a, be all the roots of the irreducible equation a(x) = 0 in K that a satisfies. Since
*) Cf. p. 44.
™) Cf. p. 23.

) Such a smallest cardinality always exists, at least if one presupposes the axiom of choice and the well-
ordering theorem, since the cardinalities then form a well-ordered series.

") We shall be able to show later, under the assumption of the generalized continuum hypothesis of Cantor,
that any two towers of fields generating 3 have the same cardinality if 3 is infinite over £ and of the first kind;
cf. Addendum to Theorem 3.

") Since, after all, the power set always has greater cardinality than the set itself. Cf. e.g. F. Hausdorff:
Grundziige der Mengenlehre (1914), p. 56, Theorem II.

) The following proof can also be carried out without use of this theorem; one then has only to use,
beyond the proof carried out here, the multiplication theorem for the basis degree (§ 7, Theorem 2) and the
corresponding multiplication theorem for the mapping degree in finite extensions. Cf. especially (2) in the
proof ad b) of this theorem, where the multiplication theorem for the finite mapping degree is essentially
proved along with it without use of the theorem of Abel or of Theorem 3 a).
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3 is of the first kind over K, the a; are all distinct. From Lemma 2 it follows that we obtain
all isomorphisms of 3 that can be induced by automorphisms in N if we carry a in turn into
ai,...,0,, i.e. we have A[3 : ] = n. But since 3 is of the first kind over &, n is the degree of
a(x), ie.

n=la:R =[3:8 =DB[3:1],

hence A[3 : 8] = B[3: 8]
ad b) Let 8, for 0 £ v < o be a chain of fields generating 3, constructed as above, and let
m be its [infinite] cardinality. Then we want to prove:

(b)  A[3: 8 =2™

Since 3 is an extension of the first kind of & and &,41 is a simple algebraic extension of &,
we have:

(1) 2 § [ﬁu-i-l : ﬁy] = B[ﬁl,_H : ﬁy] < Np.

(2) If then m, is any isomorphism of R, that can be induced by automorphisms in N, it can be
extended in exactly [R,11 : R distinct ways to isomorphisms of K,+1 that can be induced by
automorphisms in N.

For if 8,411 = R, (a,) and a, satisfies the irreducible equation o, (z) = 0 in K,, then under
7, the polynomial «, (x) goes into an irreducible polynomial 3, (x) of the field £, into which
R, goes under m,. Necessarily (3, (x) = 0 is likewise an equation of the first kind, which
therefore has only simple zeros. As in the proof of Lemma 1. one sees that all zeros of f,(z)
lie in 91. Since the degree of 3, (x) is equal to that of a,(x), i.e. equal to [R,+1 : R, it
follows from the theorem stated in Erl. 53 and from Lemma 2 that a, can be carried by
automorphisms in N into all zeros of 5, (x). Since, finally, the automorphisms in N are to
extend the isomorphism 7, only the zeros of 5,(z) can come into question as images of a,,
which proves our assertion (2).

From (1) and (2) it now follows at once:

(3) 2" A3 A SN
Now, however, the following general aleph equation holds:
(4)  If R, < N, then 2% = N37.

For we have
2SR, SRy =2,

hence, if we raise this inequality to the Ng-th power:
9®s < NAP < (28)R8 = o(NB) = 9Rs ),

Since in (3) m is an infinite cardinality, hence m = R, i.e. an R, our assertion (b) follows from
(3) and (4).

If in (b) one chooses in particular m = B[3 : K], which by the definition of the basis degree
is always possible, the assertion of the theorem results.

) The proof after W. Sierpinski: Lecons sur les nombres transfinis, Paris 1928.
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Addendum: Under the assumption of the generalized continuum hypothesis of Cantor:
(C) 2N” = NVJrl

if 3 is infinite over R, all towers of fields generating 3 have the same cardinality, i.e. the
basis degree B[3 : 8] is the cardinality of every tower of fields generating 3.
Proof: Let X, and N, be the cardinalities of two towers of fields generating 3; then by
(b)
Al3: 8] =2M

= Nz

By (c), 2% =N, 11; hence
kk
Nl/1+1 - Nl/2+1 9
hence R, =N,,.
Main Theorem 1: The equation

NNG)] =3

holds for the field 3 between K and N if and only if every element of N that is a oot element
with respect to 3 is already contained in 3.

Proof: A. Suppose I, 3 satisfy the condition of the theorem and let a be an element of 91
but not of 3; then the irreducible equation in 3 that a satisfies has in 91 at least one solution
b different from a. If we now apply Lemma 2 to 3 as ground field, there is therefore an
automorphism of 91 that leaves 3 elementwise invariant, hence belongs to N(3), and carries a
into b # a; a therefore does not belong to M[N(3)] if it does not belong to 3. Hence:

MN[N(3)] < 3, i.e. =3 (cf. above p. 95).

B. Let a be an element of 9T but not of 3 that is a root element with respect to 3. Then a
satisfies an equation 2 —¢=0in 3, which therefore has only the solution a. If we now apply
Lemma 2 with 3 as ground field, it follows that a goes into itself under all automorphisms
of M that leave 3 elementwise invariant, which therefore belong to N(3); hence a belongs to
M[N(3)] without belonging to 3, i.e. M[N(3)] > 3.

Addendum: We have

N[N(3)] = 3,
for all fields 3 between K and N if and only if N is of the first kind over K.
Proof: A. If M is of the first kind over R, then, by § 13, Theorems 8, 9, it is also of the

first kind over every 3. Hence every root element of 9t with respect to 3 belongs to 3, i.e. by
Main Theorem 1:

N[N (3)] = 3.

B. If 91 is not of the first kind over &, then by § 14, Theorem 1 there is a field 91y between
R and 9 that is a proper subfield of 91, such that 91 is a root field over 9%y and Ny is of the

*) This statement stands in analogy to § 23, Theorem 3. — Cf. also R. Baer: Eine Anwendung der
Kontinuumhypothese in der Algebra, Journal fiir d. r. u. angew. Math. vol. 162 (1930), p. 132.

™) So far it has not been possible to infer X, = R, from 2% = 2% without use of the continuum hypothesis.
Cf. W. Sierpinski: Sur ’hypothése du continu, Fund. Math. vol. 5 (1924), p. 183.
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first kind over K. By Theorem 2 we then have A[D1: 9] = 1, i.e. N(Dp) consists only of the
identity map. But then D[N (DNy)] = N, hence not equal to Ny.

Main Theorem 27): Let Ny be the field between & and N uniquely determined by § 14,
Theorem 1, such that M is a root field over My and Ny is of the first kind over R; if R is
perfect, let Mg = IN. We have

NR(U)] =T,

for all subgroups U of N if and only if Ny is finite over K.

Proof: A. Let 9 be finite over R Then M(U) is a field between 8 and M. Let N(U ) be
the field between K and D(U) uniquely determined by § 14, Theorem 1, over which M(U) is
a root field and which is of the first kind over K; for perfect K let (U)o = N(U). By § 13,
Theorem 8, 91(U)y is a subfield of My, namely the set-theoretic intersection of N(U) and Np.
From Theorem 2 it follows that

N[NU)] = NIO(U)o] holds.
By Theorem 3 a), N is finite and the order of N is
ANy : K] = B[Ny : K] = [Ny : K] = n.

Since Mg is of the first kind and finite over K, My is, by § 13, Theorem 7, simple over K, i.e.
mo = ﬁ(a)**).

Under the maps in U let a go into a; = a,as, ..., a,; then w is the order of U. We consider
o(z) =[[;j=;(z — a;); this polynomial goes into itself under all maps in U; so its coefficients
belong, by the definition of 9(U), to M(U), hence also to N(U)g; since N(U )o(a) = K(a) = Ny,
we have [y : N(U)o] = [a: N(U)o] < u; for a is a zero of p(x).

On the other hand, [9 : 91(U)o] is, by Theorem 3 a), applied to (U)o as ground field,
equal to the order u’ of N[9U(U)o], for which by the inequality on p. 95 v’ = u holds; thus we
have u' = u, i.e. the order of N[DM(U)o] is equal to that of its subgroup U, which, for finite
groups (and these, after all, are what concern us here), has the identity

as a consequence.

B. Let 9 be infinite over &; then by Theorem 3 b) the group N has at least the cardinality
of the continuum, and so does every infinite group N(3); this follows from Theorem 3 b) if
one takes 3 as ground field in place of &.

Let U now be a countable subgroup of N; such always exist, for N has the cardinality of
the continuum, and so certainly contains a countable subset S; the smallest subgroup of N
containing S is then also countable, since, after all, it consists only of products of finite length,
each of finitely many elements of S. Then N[M(U)] is an N(3) [3 = 9(U)], and so has at
least the cardinality 2% > Ry, and must therefore contain elements that do not occur in U.

) This runs parallel to the Addendum to Main Theorem 1, whereas the theorem corresponding to Main
Theorem 1 would have to draw upon topology, an auxiliary means foreign to our considerations. Cf. W. Krull:
Glaloissche Theorie der unendlichen algebraischen Erweiterungen, Math. Ann. vol. 100 (1928), p. 687.

™) The use of this theorem can again be circumvented by using the multiplication theorem for the basis degree
and constructing several equations in place of the one fundamental equation ¢(z) = 0, but otherwise proceeding
as indicated in the proof.
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Main Theorem 3: We have
F)  NU)=U  NNQ)] =3,

for all subgroups U of N and for all fields 3 between R and N if and only if N is of the first
kind and finite over K.

This follows from the Addendum to Main Theorem 1 and from Main Theorem 2.

Definition 5: If Hy and Hs are two subgroups of N or two subfields of N, let Hy N Hy be
the intersection group or the intersection field, respectively, and Hy U Ho the union group or
the union field, respectively, of Hy and Hs.

Theorem 4: If 31 and 35 are two fields between K and N, then

(1) N(31U32) = N(31) " N(32),

(2)  N(31N32) = N(31) UN(32).
If further Uy and Us are two subgroups of N, then:

(3)  NULUUs) =NU1) NN(U2),

4) (UL NUz) = NUL) UNU,)".

Proof: ad (1): for ¢ = 1,2 we have N(31) N N(32) < N(3;); so under N(31) N N(32) all
elements of 37 and all of 35 remain invariant, so also all of 31 U 32; and this means

N(31) N N(32) £ N(31U 32).

Conversely, if an automorphism in N leaves all elements of 31 U 39 invariant, it also leaves
invariant all those of 3; and of 39, and is therefore contained in N(31) N N(32) as the totality
of the automorphisms leaving both 371 and 32 elementwise invariant, i.e.

N(31) N N(32) 2 N(31U 32).

From this (1) follows. In the same way one sees (2)—(4).
From Theorem 4 there follows by specialization the
Addendum: If U; £ U, then

N(U1) 2 N(V2),

and if 31 < 32, then
N(31) 2 N(32).

Theorem 5: Let 3 be a field between & and N; two automorphisms in N effect the same
isomorphism of 3 if and only if they belong to the same coset of N with respect to N(S)**).

Proof: Let a1 and ag be two automorphisms in N. These effect the same isomorphism of
3 if and only if aja;y ! effects the identical isomorphism of 3, i.e. belongs to N(3).

) We must consider fields 91(U) and groups N(3), since only for these can the fulfilment of (F) be counted on.
“) Cf. Definition 3, where this theorem, which could equally well have been proved there, was stated without
proof
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Theorem 6: Let no element of N that does not belong to 3 be a root element with respect
to 3. Then an automorphism a in N effects an automorphism of 3 if and only if a belongs to
the normalizer™) of N(3) in N, i.e. if a is permutable with N(3)™.

Proof: A. Let a effect an automorphism of 3 and let n be an arbitrary element of N(3);
then ana™" likewise leaves 3 elementwise fixed, since 3 is carried into itself by a. So ana™!
belongs to N(3) for arbitrary n in N(3), i.e. a belongs to the normalizer of N(3).

B. Let a effect no automorphism of 3; then there is an element a of 3 whose image b under
a does not belong to 3. By the hypothesis made about 9 and 3, the irreducible equation
in 3 that b satisfies is satisfied by a further ¢ # b in M. Then by Lemma 2 there is an
automorphism n that leaves 3 elementwise invariant, i.e. belongs to N(3), but carries b into
¢. Under ana™?, then, a is not carried into itself, i.e. ana=! does not belong to N(3), i.e. a
does not belong to the normalizer of N(3) in N.

Addendum 1: Under the hypotheses of Theorem 6, the cardinality of the set of fields
conjugate to 3 is equal to the cardinality of the set of cosets of N with respect to the normalizer
of N(3) in N.

For two automorphisms a; and as carry 3 into the same field if and only if 3 is carried
into itself by ajay ', i.e. by Theorem 6 if ajay ' belongs to the normalizer of N(3) in N.

Addendum 2: Under the hypotheses of Theorem 6, 3 is a normal field if and only if
N(3) is a normal subgroup of N.

For by Theorem 1, 3 must be identical with its conjugate fields over &, so the normalizer
of N(3) in N must coincide with N.

Theorem 7: If R is an arbitrary field, @ = K(t1,...,t,) a purely transcendental extension
of 8 of degree of transcendence n” ) (n > 1, finite integer); then every function in N symmetric
mnty,...,tn, can be represented uniquely as a rational function of the elementary symmetric
functions with coefficients in K.

Proof: Let p(z) = [[Iy(z—t;) = 2"+ X0 @’ 04(t1, . - ., ). Then the o; are accordingly
the elementary symmetric functions in ¢1,...,t,. Let & be the smallest field between K and
M that contains ¢(z), i.e. & = K(o1,...,0n).

Since M = S(t1,. .., t,) and the t; satisfy the equation ¢(x) =0 in &, 9 is algebraic over
S. Since further ¢(z) has only simple zeros, 91 is, by § 13, Theorem 8, of the first kind over
S. Since finally 91 just suffices to break ¢(x) up into linear factors, 9 is normal over & by
Addendum 2 to Theorem 1.

1. Let 0 = o(t1,...,t,) be a symmetric, rational function of the t; with coefficients in 8.
Since by Lemma 2, under automorphisms of 91 that leave & elementwise invariant, zeros of
©(x) must again go into zeros of ¢(x), every such automorphism effects a permutation of the
t; and so leaves o invariant. By Theorem 2 and Theorem 3a), o therefore belongs to &, i.e. is
a rational function of the o; with coefficients in R.

2. Since M is algebraic over &, 91 has degree of transcendence 0 over &. So by §
23, Theorem 4, & has degree of transcendence n over K, since the sum of the degrees of
transcendence of 91 over G and of & over 8 must be equal to that of 91 over K. So the system
o1,...,0, must be irreducible”™™") over R, i.e. there is no algebraic relation between the o;

*) Cf. e.g. A. Speiser: Theorie der Gruppen von endlicher Ordnung (1923), p. 38.

“) Cf. R. Baer: Abbildungseigenschaften algebraischer Erweiterungen, § 2, (see p. 98, note)
) Cf. p. 88.

) Cf. p. 81.
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with coefficients in K. So too every element of & can be represented in only one way as a
rational function of the ¢; with relatively prime numerator and denominator.
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Appendix B

Explanatory Notes
By Reinhold Baer and Helmut Hasse

These notes are not by Steinitz. A mark such as ”°7 in the text shows the place to which the note with

that number refers; the page given after each note’s number is the page of that place. Both are links.
“Erl. n” (for Erlauterung) means note n. All references in the notes to Steinitz’s text, to other notes
and to Appendix A are to the pages of this edition.

1. (to p. 3) This characterization of Galois theory would probably no longer meet with
general agreement today. That the range of Galois theory in its form up to now is confined to
finite extensions has indeed only recently been made entirely clear. Cf. Appendix A, Main
Theorem 2, p. 102. On the other hand, ways have been shown of pursuing a Galois theory of
infinite algebraic extensions as well. — Cf. W. Krull: Galoissche Theorie der unendlichen
algebraischen Erweiterungen, Math. Ann. vol. 100 (1928), pp. 687—698.

2. (to p. 4) For the purpose in question the distinction given, which refers to the ground
field, is admittedly less essential than the distinction of extensions into those of the first and
of the second kind. (Cf. § 13, say.)

3. (to p. 4) What is essentially at issue here is the so-called theorem of primitive elements.
Cf. § 11, Theorem 4; § 15, Theorems 7 and 9.

4. (to p. 5) These further treatises never appeared. Nor were investigations of this kind found
among Steinitz’ papers.

5. (to p. 6) This notion is fundamental, for it is the task of algebra to study the invariants of
fields under isomorphisms.

6. (to p. 6) Postulate 2. (the commutative law of addition) already follows from the remaining
field postulates if one extends 6. in a corresponding way — as the renunciation of 2. requires
— so that right-hand and left-hand subtraction become unique.

For if a, b are any two field elements and € the unity of multiplication, then:

(a+b)-(e+e)=(a+b)-e+(a+b)-& byb.

=(a+0b)+ (a+0b) by 7.
=a+[b+ (a+0) by 1.
on the other hand
=a-(e+e)+b-(e+¢) by 4., 5.
=(a-e4+a-e)+(b-e+b-€) byb.
=(a+a)+(b+0) by 7.
=a+[a+ (b+0) by 1.

Therefore:
a+ b+ (a+b)]=a+][a+ (b+b)],
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from which, by 6., it follows that
b+ (a+b)=a+ (b+0)

or, by 1.:
(b+a)+b=(a+b)+Db

and finally, by the extended 6.:
b+a=a+bh.

Cf. A. Loewy: Lehrbuch der Algebra I, Leipzig 1915, p. 41.

7. (to p. 6) The reason the existence of at least two elements is required is that otherwise a
system consisting of 0 alone would already be a field. It is convenient to exclude this trivial
special case. So as not to be left with only this special case, one must then further require in
7. that a # 0, since otherwise it would follow from 7., because 0 - x = 0, that every b = 0.

8. (to p. 7) The reason the zero of the system is denoted by the ordinary numeral 0 while
the unity is not denoted by 1 is that the zero of the system does have all the computational
properties of the number 0, whereas the unity € of the system need not have all the properties
of the number 1 — for instance not the property that € + -- -+ # 0 always. (Cf. p. 11.) The
ordinary integers are used, in their meaning as counting numbers, alongside the multiples of €.

9. (to p. 7) For the proof of these theorems compare, say, H. Hasse: Hohere Algebra I,
Sammlung Goschen 931 (1926); O. Haupt: Einfithrung in die Algebra I, Leipzig 1929, chapter
9.

10. (to p. 7) That the residue classes modulo a prime number p form a field may be seen, for
instance, as follows:

If a; + m;p and a; (i = 1,2) are elements of the same residue class, then the same holds of
the sum, difference and product, because:

(a1 +map) + (a2 +maop) = (a1 + ag) + (m1 £ ma)p

and
(a1 +mip)(az + map) = araz + p (miaz + moaj + mimap).

Sum, difference and product of residue classes are therefore uniquely determined by the
corresponding operations on the elements. If A is a residue class not containing 0 and a is
any element of A, then a is not divisible by p, hence, since p is prime, relatively prime to p;
so there are two integers m and n with ma + np = 1. The residue class containing m is then
the reciprocal of A. If finally b lies in B, then the residue class containing mb is the quotient
of B by A. That the compositions of residue classes so introduced satisfy the field postulates
is now easily verified. In particular the uniqueness of division follows from the primality of p.

% (B # 0) also occur in all the fields of &.

12. (to p. 8) The special case of this theorem most important for the applications is the
following: il forms a so-called tower of fields, that is, a well-ordered system of fields such
that every field of 4 contains all those preceding it in the well-ordering as subfields and is
contained in all those following it in the well-ordering of {l. [For the notion of well-ordering cf.

§19]

11. (to p. 8) For along with o and 8, a + 3, a - 3,
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Briefly put, Theorem 2 says that under the hypotheses made the union of the fields of 44
is itself a field.

13. (to p. 8) Note in this proof that, in contrast to Theorem 1, it is not assumed that all
fields of 4l are subfields of one definite field; that is why the composition of the elements of
the union field K has first to be defined.

14. (to p. 8) And only then.

15. (to p. 8) For this final result is obtained as well if one adjoins the union of &1, &q, ...,
S,, all at once.

16. (to p. 9) The following generalization of domains of integrity, the so-called rings, has
lately become important: in rings one gives up the existence of the unity element and the
prohibition of zero divisors [that is, numbers different from zero whose product with certain
numbers, likewise different from zero, vanishes]; for the rest the same laws hold as in domains
of integrity.

Cf. on this H. Hasse: Hohere Algebra I; O. Haupt: Einfiilhrung in die Algebra 1.

17. (to p. 9) For if n were a second unity, then
e=e-n=n-e=1.

18. (to p. 9) Since it is possible to introduce a notion of divisibility in domains of integrity,
the study of domains of integrity (at least of those that are not fields) is characteristic of
arithmetical investigations (cf. p. 3); here, however, arithmetic is in the service of algebra.

19. (to p. 9) 1) is needed in addition to 2) in order to infer —
€

20. (to p. 10) How strong the requirement of finiteness of the system is can also be seen from
the theorem of Maclagan Wedderburn (cf. E. Artin: Hamb. Abhdlg. vol. 5 (1928), p. 245,
say), which says that every skew field consisting of only finitely many elements [that is, a
field with the requirement of commutativity of multiplication given up] is after all a field with
commutative multiplication.

21. (to p. 10) Two fields belong to the same type if and only if they are isomorphic.

22. (to p. 11) One might think it more reasonable to speak of characteristic co rather than
characteristic 0, since here all the infinitely many multiples of € are distinct, whereas for
prime-number characteristic p there are only exactly p distinct ones. But the designation
characteristic 0 appears natural on the following consideration: for characteristic p, me = m’e
if and only if m = m/ (mod p), i.e. if p is a divisor of m’ — m. For characteristic 0 the
corresponding statement then holds: me = m’e if and only if m = m’, i.e. m = m’ (mod 0),
that is, if 0 is a divisor of m’ — m. For in the domain of the natural numbers 0 is a divisor of
0 and of nothing else.

23. (to p. 11) Or else thus: by p. 10, last paragraph of § 3, every finite domain of integrity is
a field. Cf. also Erl. 10.

24. (to p. 11) For they all have the same prime field.

25. (to p. 12) The notion of equivalent extensions, in which one definite ground field is
distinguished, is fundamental for Galois theory.
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Other designations for the same state of affairs are: £ and £’ are isomorphic relative to £,
or with respect to K, or over R.

26. (top.12) An example of two extensions of a field that are not equivalent but are isomorphic
(the notions and facts used here are not set out until a later point in the text): let K be an
arbitrary field and &) = K(¢) a simple transcendental extension (cf. p. 13) of K. We extend
£1 on the one hand, by solving the equation 22 — t = 0, to a field &, and on the other hand,
by solving the equation 2% — ¢ = 0, to a field &3 (the possibility and uniqueness of these
extensions is shown by § 6, Theorem 2). The resulting fields are both isomorphic to K1, hence
also to each other (cf. § 5, Theorem 2); but they are not equivalent extensions of £, for
[R2: R1] =2, [R3: R1] =3 (cf. § 7, Theorem 4).
27. (to p. 13) In agreement with the usual definition, an element x is therefore algebraic over
the field R if and only if it satisfies an equation i c;xt = 0 with coefficients ¢; from & that
do not all vanish. =
28. (to p. 13) To begin with there are two logically distinct operations + and -: first the
merely formal ones, indicated in Yaya* by the sign ¥ and by the juxtaposition aj -z - ... - x;
then the operations (2.) expressly defined in the text, on the strength of which J is a domain
of integrity. To prove the assertion of the text one has to reduce the first “operations” to the
second. For this one has to show that from z, i.e. 0-2° +e-2' +0-22+---, and the elements
ap, ie. ap -2’ +0-2' +0-22 +---, the element aga® + a;xz! + - -+ is composed according to
the rules (2.).

A detailed presentation is to be found in H. Hasse: Hohere Algebra I, chapter 1, § 4; O.
Haupt: Einfiilhrung in die Algebra I, chapter 7, 1-4.

29. (to p. 14) Euler’s procedure is the complete analogue, for integral rational functions, of
the Fuclidean algorithm of elementary number theory.

30. (to p. 14) For ¢ = f(x)g1(z) + g(x) fi(x) for suitable gi(z), fi(x); hence h(z) =
h(z) f(z) g1(x) + h(z) g(z) fi(x). Further f(z)h(z) = g(x) hi(x), hence

h(z) = g(x) [h(z) g1(x) + h(z) f1(z)].

31. (to p. 14) For the assumption that f(z) - h(x) and g(z) are not relatively prime leads to
a contradiction with Theorem 3 if one there replaces g(z) by the common divisor.

32. (to p. 17) For from ad — be = 0 it would follow that either y is of degree 0 or y = 0.

33. (top.17) We therefore obtain the totality of isomorphic mappings of £(z) onto itself under
which the elements of R are each assigned to themselves if we apply to the primitive element
x all possible integral and fractional linear transformations with non-vanishing determinant.
For, taking § 5, Theorem 2 into account, it follows that we obtain all such isomorphisms by
carrying x over into an arbitrary primitive element of £(z).

34. (to p. 18) That is, &, has, in the terminology of § 23, transcendence degree n over K.

35. (to p. 18) It would in itself suffice to verify the theorem for n = 1 as the start of the
induction, which is trivial. The special case n = 2 of our theorem is, however, needed for the
general proof.
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36. (to p. 18) The assignment x1, ..., %, t0 Yy, ..., Yy, (in a different order) also yields an
isomorphic mapping. Repeated application of Theorem 9 shows as well that any permutation
of z1,...,x, again produces a system x,,,...,x,, of successively adjoined transcendentals in
the sense of Theorem 9. Every permutation of the x therefore yields an isomorphic mapping
of Ro(x1,...,x,) onto itself leaving Ky fixed.

37. (to p. 19) Cf. O. Haupt: Algebra I, chapter 11, 7.

38. (to p. 20) For those familiar with ideal theory:

The zero class, the principal ideal with basis ¢(x), is a prime ideal if and only if p(x) is
irreducible. Forming residue classes modulo this ideal always yields a ring, which is a field
if and only if the zero class is a prime ideal. Cf. E. Noether: Idealtheorie in Ringbereichen,
Math. Ann. vol. 83 (1921).

39. (to p. 20) The necessity of this condition has likewise been shown.

40. (to p. 22) The assignment between the elements of £ not contained in & and those of &
is even meant to be one-to-one.

This seemingly needlessly roundabout proof is explained by the fact that £ is not an
extension of £ but only an extension of the field & isomorphic to £. — One could admittedly
also appeal more simply to the fact that isomorphic fields are not essentially different, so that
it is no restriction of generality to extend from the outset a suitable field & isomorphic to £.

41. (to p. 22) As always with extensions, a smallest extension solving the problem in question
is meant. That is to say, no proper subfield of £(j) contains a zero of ¢(x).

‘n—1

42. (to p. 22) There are, on the other hand, n linearly independent elements: €, j, ..., j
In particular the degrees of all elements of £ are at most n.

This theorem is the counterpart, announced on p. 15, to Theorem 5 there on simple
transcendental extensions.

43. (to p. 23) Since the field of all complex numbers cannot be characterized purely alge-
braically within its type, this being possible only with the help of statements about continuity,
the designation of the theorem that this field is algebraically closed as the fundamental
theorem of algebra is much disputed today. Cf. H. Hasse: Hohere Algebra II, p. 79. One
is inclined to confer this name on Steinitz’ theorem that every field can be extended to an
algebraically closed one in one way and essentially in only one way. Cf. § 21, Theorem 9.

44. (to p. 23) For otherwise the «; would be linearly dependent.

45. (to p. 24) For if | ¢ | # 0, then the system of equations can be solved for the ay. If on
the other hand | ¢;, | = 0, then the §; are linearly dependent on one another. Cf. p. 7, 1).

46. (to p. 24) From this theorem the so-called Kronecker-Kneser theorem follows easily,
which says:

If the fields £; and £9 contain the field K and are finite over it, if further £; and £9 are
at the same time contained in one field, and if 9B is the smallest field containing £ and £o,
then ‘B is finite over £; and £, and:

[B: R =[B:L1] [£: K
:[%ISQ]'[SQ:ﬁ].
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47. (to p. 25) In particular, then, £(j) is finite over K. — [j : K] is the degree of the equation
irreducible in K that j satisfies. Cf. p. 21.
The proof is most easily given by referring to § 6, Theorem 3 (together with Erl. 42).

48. (to p. 25) This theorem is a companion piece to § 5, Theorem 7.

On the relation of the notion of degree there to the one used here the following is to be
remarked: there the degree of a rational function ¢(x) of x was defined, and in such a way
that one can equate it with [R(z) : R(¢(x))], i.e. the degree of the most comprehensive field
over the intermediate field. Here the degree of j is defined by [R(7) : ], that is, by the degree
of the intermediate field over the ground field. Hence there the primitive elements are those of
minimal degree, here those of maximal degree. There of course [R(¢(x)) : K] = 0o, whereas
here [£ : R(j)] is likewise finite.

49. (to p. 25) By pp. 21-22, R(j1,...,J») = R[j1,-..,Jjv], hence: every rational function of
elements algebraic over K can also be represented as an integral rational function of these
elements.

50. (to p. 26) By § 7, Theorem 1.

51. (to p. 26) Naturally the extension is again to be constructed so that no proper part of it
has the required property.

52. (to p. 27) The proof of the following Theorem 1 requires only the introduction of a
field 90t just sufficient for the complete breaking up of f(z), but not its derivation from an
extension £.

53. (to p. 27) Let the result obtained here be stated once more precisely, for the sake of a
later application:

Let my be an isomorphism between the fields Ro and Ko; further let f(z) be an irreducible
polynomial from Ry and f(x) the polynomial assigned to it by my, hence irreducible, from Ko;
finally, let &1 = Ko(j) and K1 = Ko(j) be simple extensions of Ky and Ko, respectively, such
that j and j are zeros of f(x) and f(x), respectively.

Then there is an isomorphism m between R1 and K1 which is an extension of the isomor-
n—1 . _ _
phism o, and under which the element ) ¢;5° (where n = [R; : o] = [R] : Ro]) is assigned

=0

the element nzl @ij ', where ¢; is from &g and ¢; is the element of £ assigned to ¢; by mo; in
i=0
particular, then, j is assigned the element j.

On the question of extending isomorphisms compare R. Dedekind: Suppl. XI in Dirichlet-
Dedekind: Zahlentheorie, 4th ed. Braunschweig 1894; R. Dedekind: Uber die Permutationen
des Korpers aller algebraischen Zahlen, Festschrift aus Anl. d. 150 jihr. Bestehens d. Got-
tinger Ges. d. Wiss. 1901. Cf. also Appendix A, p. 96, Lemma 1 a, as well as R. Baer:
Abbildungseigenschaften algebraischer Erweiterungen, § 3; (to appear shortly in the Math.
Zeitschr.).

54. (to p. 28) With this everything is proved that has to be known in the way of algebraic facts
in order to prove the theorem on the existence and unique determinacy of the algebraically
closed field belonging to a field and algebraic over it. Since, however, the set-theoretic methods
not set out until § 19 are needed, we postpone to a later point the proof, which can today be
given considerably more simply than Steinitz managed.
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55. (to p. 28) This is quite analogous to § 6, Theorem 2. — The uniqueness here is sharper
than there, though, in this sense: a field may indeed contain several smallest extensions of the
ground field which contain a zero of a definite polynomial from the ground field, but only a
single one which contains all the zeros of the polynomial in question.

56. (to p. 28) For normal extensions the designation Galois extension field is also customary.
57. (to p. 28) This will be shown in Theorem 4.
58. (to p. 29) Equations formed with normal functions are also called Galois equations.

59. (to p. 29) Theorem 4 can also be obtained by specializing Theorem 6 on p. 29.
The converse of Theorem 4 also holds trivially.

60. (to p. 29) For under any permutations of the j, h(z) goes over into itself; symmetric
functions, however, can be built up from the elementary symmetric ones, that is, from the
coefficients of f(z), rationally with coefficients from £y. (Theorem on symmetric functions.)

Cf. O. Haupt: Einfithrung in die Algebra, chapter 8; A. Korselt: Vereinfachter Beweis des
Hauptsatzes iiber symmetrische Funktionen, Jahresber. D. M.-V. vol. 37 (1928), pp. 327-330.

A proof of Theorem 4 without using the theorem on symmetric functions is obtained if
one bears in mind that Theorem 4 is a trivial consequence of Theorem 6, and Theorem 6 a
special case of Addendum 2 to Theorem 1 of Appendix A (p. 98), which is proved without
using the theorem on symmetric functions.

61. (to p. 29) ¢(x1,22,...,2,) is an integral function of the x; with coefficients from Ky
because I is obtained from Kg by successive adjunction of the algebraic elements j1, jo, ...,
Jn (cf. equation (6.) on p. 21 and Erl. 49).

62. (to p. 30) This theorem, and likewise Theorem 4, can also be proved without using
the theorem on symmetric functions; deeper theorems from Galois theory are then needed,
however. Cf. Erl. 60.

63. (to p. 30) The definition of the derivative of a rational function of an indeterminate x
with coefficients from a field & would be more simply obtained by the following stipulations:

1. % =0, if ¢ is an element of &,
dr
2 i 1,
3 dif(z) + g(x)] _ df(x)  dg(x)
’ dx dx dr ’
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The relations

d> a;x n
=0 _ . i—1
e ; ta; T,
dif(z) —g(z)] _ df(x) dg(x)
dz dz dr ’
[z T T
dx [g(2)]? ’
d

are then easily derived.

Cf. on this B. L. v. d. Waerden: Algebraische Theorie der Differentiation, Nieuw Archief
voor Wiskunde vol. 15 (1926) pp. 111-120; R. Baer: Algebraische Theorie der differentiierbaren
Funktionenkorper I, Sitz.-Ber. d. Heidelberger Ak. d. Wiss. Math.-nat. Kl. 1927 (8), p. 15.

64. (to p. 34) Theorem 4, and likewise Theorem 4a on p. 34, hold only on passing to suitable
extension fields.

65. (to p. 34) Alternatively: for p = 2, —e = +¢, hence —b = +b.

66. (to p. 35) These theorems can also be extended to rational functions without further
ado by representing them as quotients of relatively prime polynomials. For if in a suitable
extension field the rational function is R(z) = (x — aq)™ --- (x — o)™, where the r; are
positive or negative integers, then:

R(z) = fi(z) (f-1(2)) 7 (f2(2))* (f2(2)) 2+,

where fp,(x) is as in the text and f_,,(x) is to be defined as the product of all those linear
factors of R(x), taken singly, that occur in R(x) exactly to the power —m, or = ¢ if there are
no such linear factors.

If one now applies Theorems 5, 6, 7 to numerator and denominator of R(z), which are
after all polynomials, the validity of Theorems 5, 6, 7 follows both for the functions f,(z)
and for the functions f_,,(x).

67. (to p. 35) In proving these theorems bear in mind that passing from F(x) to F'(z)
according to the stipulations on p. 30, and likewise forming the greatest common divisor by
Euler’s procedure on p. 14, are rational operations.

68. (to p. 35) It does not follow from this that f,,,(z) can be determined rationally, which is
moreover in general impossible, since p’-th roots occasionally still have to be extracted, e.g.
for 2P —u =0 in P,(u) on p. 37.

69. (to p. 36) By equation (4.) on p. 33.
70. (to p. 36) These theorems can of course also serve as the definition of “perfect”.

71. (to p. 36) Examples of perfect and imperfect fields of characteristic p are given first,
before the proof of Theorems 1, 2 is completed.
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72. (to p. 37) P, is after all isomorphic to the field of residue classes modulo the prime
number p.

73. (to p. 37) Theorem 2, to be proved shortly, therefore says among other things that every
field £ = R(u), where R is of characteristic p, is imperfect.
)

74. (to p. 37) Cf. § 10, Theorem 1.

75. (to p. 37) The theorem of primitive elements is also known in the literature under the
name of Abel’s theorem.

76. (to p. 38) Here applying § 2, Theorem 3 is really bringing up too heavy artillery. An
element ¢ simply lies in the simple extension K(4).

77. (to p. 38) For every element of £ is contained in one of the R;.

78. (to p. 38) The end of the proof can be arranged somewhat more simply:

If the element p of R has been determined as in the text, so that the m - n elements
o; + uf are all distinct, we set v = a + uf = a1 + pf1. We first determine the greatest
common divisor of g(z) and f(vy — pzx).

g(z) has the zeros 8 = B1, B2, ..., Bn; the zeros of f(y — px) are the solutions of the
o1 — oy

equations Yy —puxr =«a; (i=1,...,m), z = + B17); the question is when one of these

expressions equals some [;. That is the case if and only if a1 + ufS1 = a; + uBk, and this
occurs if and only if i = kK = 1. So 8 = f; is the only zero common to g(x) and f(vy — ux);
their greatest common divisor is therefore  — 5. But since this can be determined rationally,
and g(x), f(v— px) are polynomials from R(v,z), z — 3 also lies in K(, x), i.e. § is an element
of R(7). Since finally o = v — uf3, a too is an element of &(). Cf. H. Hasse: Hohere Algebra
11, pp. 82-84.

79. (to p. 40) Alternatively: for £ is mapped one-to-one onto a subdomain of K, hence onto
a proper part of £, namely onto the domain of the p-th powers of elements of £. So £ is
infinite, and since £ is the one-to-one image of a part of &, K is infinite too.

80. (to p. 40) By equation (4.) on p. 33.

81. (to p. 41) For only infinite sets admit a one-to-one correspondence with a proper part of
themselves.

82. (to p. 41) The construction of AP~ could in itself be carried out by repeated application
of § 6, Theorem 2; but since that theorem would possibly have to be applied infinitely often,
it would have become necessary to bring in set-theoretic methods of a new kind.

83. (to p. 41) The sequence of fields 8" is a tower of fields open in both directions:
n+1

Y - S Y B/ A< A S

84. (to p. 43) The notion of root element is therefore to be understood in a more special
sense than is customary.

85. (to p. 43) Carrying T along (instead of £) is not needed in what follows and could
therefore have been omitted.

) is after all certainly £ 0 by the way it was chosen.
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86. (to p. 44) The notion of an algebraic extension of the first kind is fundamental for Galois
theory in so far as it gives the exact limit of validity of the fundamental theorem on the
unique assignability of intermediate fields to subgroups.

Cf. Appendix A, Addendum to Main Theorem 1, p. 101.

87. (to p. 45) In general, though, only in a suitable extension field.

88. (to p. 46) The proof of Theorem 4 can be given more simply in the following way:

Let £ be an algebraic extension of the perfect field £ and ¢(z) any irreducible polynomial
from £. Then ¢(z) is a divisor of an irreducible polynomial f(z) from £, as follows from
§ 7, Theorem 9. Since f(x) can have only simple zeros in every extension of £ (8 is after all
perfect), the same holds of ¢(z), i.e. £ is perfect. — With this proof Theorem 3 also becomes
dispensable.

89. (to p. 46) This condition is not only sufficient but also necessary, as is shown.

90. (to p. 47) The condition in Theorem 7 also gives the limit of validity of Abel’s theorem
[on the primitive element], which no longer holds in general for finite extensions that are not
of the first kind; cf. § 14.

91. (to p. 48) If one adds that every isomorphic map of 91 onto itself can be obtained by
replacing the primitive element j; by another one ji, then the theorem on the equality of the
basis degree D : 8] and the mapping degree [= the number of distinct isomorphic maps of 91
onto itself leaving K elementwise fixed| follows from the above.

Cf. R. Dedekind: XI. Suppl. in Dirichlet-Dedekind: Zahlentheorie, 4th ed.; O. Haupt:
Einfithrung in die Algebra II, p. 578, note *); Appendix A, Theorem 3 a), p. 99.

92. (to p. 48) This proves the first main theorem of Galois theory, which says that to every
subgroup of & there corresponds one and only one intermediate field.

The second main theorem, which says that in this correspondence exactly one subgroup
also corresponds to every intermediate field, yields together with the first a one-to-one
correspondence of intermediate fields and subgroups. The first main theorem holds if and
only if 9 is of the first kind over K, the second main theorem if and only if 91 is moreover
finite over R.

Cf. Appendix A, Addendum to Main Theorem 1, p. 101, and Main Theorem 3, p. 102.

93. (to p. 48) For Galois theory the question treated here — whether all fields finite over a
ground field are simple over it — is less important than the question, half answered by § 13,
Theorems 7 and 8, of when all intermediate fields between a fixed ground field and a fixed
overfield are simple over the ground field.

94. (to p. 49) By § 13, Theorem 1.

95. (to p. 49) On this notion cf. the corresponding notions on p. 44 and the footnote there.
96. (to p. 49) By Theorem 3.

97. (to p. 49) Since ¢ is by Theorem 1 a root element over £.

98. (to p. 50) The case f = 0 is trivial, because then £ = £y and consequently « already has
the required property.

99. (to p. 50) By § 13, Theorem 5.
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100. (to p. 51) In the case n = 1 it is unnecessary to require that ty # 0, since this then
already follows from A # 0.

101. (to p. 52) M, is the intersection of M and £,.

102. (to p. 53) The theorems cited have to be brought in because throughout this section the
fields in question were assumed to be imperfect, whereas Theorem III does not assume this.

103. (to p. 53) An example of an imperfect field satisfying the condition of Theorem IV:
Let B, be the prime field of prime-number characteristic p, and let & =B, (¢) be a simple
transcendental extension.
AP then consists of all rational functions of ¥ with coefficients from *B,, since a” = a in B,
and equations (1.), p. 40, hold. So 8 = P,,(t?), and since K = RP(t) > KP we get [R : K] = p,
so that R is imperfect by § 11, Theorem 2.

104. (to p. 54) Cf. Erl. 20.
105. (to p. 54) If n = rd, then

r—1

pro1=p 1= (3 ") - 1)

i=0
106. (to p. 55) That every subfield corresponds to a divisor of n follows simply from the fact
that its degree d must divide the degree n.
107. (to p. 56) By Theorem 6.
108. (to p. 56) Being a finite field, by § 12, Theorem 2.
109. (to p. 56) So every finite field is simple over each of its subfields.
( )

110. (to p. 57) Similar to the notion of a G-number are the ideal numbers in Priifer’s sense.
Cf. H. Priifer: Neue Begriindung der algebraischen Zahlentheorie, Math. Ann. vol. 94 (1925),
p- 198.

111. (to p. 58) The proof of Theorems 2 and 3 can be simplified as follows:
[e.°]
Let m = ]| q;" be the given G-number and P =P, (p # 0) the prime field in question.

=1
Further let r, be the greatest common divisor of m and n!. Let the distinct ones among the
numbers 7, be numbered by magnitude: s1, so, ..., S;, Si+1, -... Then s; is a divisor of

siv1 (1 =1,2,...). We may assume that the sequence of the s; is infinite, since otherwise the
G-number in question would be an ordinary, finite number, and in that case both theorems
have already been proved in § 15.

On 2. We construct a chain of fields:

1. fo=.

2. Let &,_1 already be constructed and have type &, 5 ,. We then consider 27" — z = 0
as an equation from K,_1. By § 8 Theorem 2 there is a field &, which is an algebraic
extension field of K,_1 and just sufficient for the complete breaking up of this equation.
By § 15, Theorem 1 this field has type &, s,; note in this connection § 15, Theorem 3
as well, and the fact that s,,_1 is a divisor of s,.
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If the field &), is constructed in this way for every integer n = 0, then by § 2, Theorem 2
the union £ of these fields R, is itself a field. Every finite subfield can be obtained by adjoining
finitely many elements and is therefore comprised in some field K,,; its degree is accordingly a
divisor of some s,,, since £ too does after all contain fields of all types €, ,, i.e. the degree of
£ is the least common multiple of the numbers s,. Since on the other hand the least common
multiple of the numbers s,, is by their construction the G-number m, the absolutely algebraic
field £ — every field R, is after all absolutely algebraic — has, as required, degree m.

On 3. Let £’ likewise be absolutely algebraic of degree m and of characteristic p; we want
to show that £ and £’ are isomorphic.

We construct a chain of subfields of £':

1. 8 =P, the prime field of £'; there is then an isomorphism my between Ky and £y,
since £ and £’ have the same characteristic.

2. Let 8, _; and an isomorphism 7,_1 between K,_; and &, ; already be constructed;
then so R),_; too has type €, 5 . Then, since m is the degree of £ and s, a divisor
of m, there is a subfield &, of £’ just sufficient for the breaking up of 2’ — z = 0;
since s,,_1 is a divisor of s,, #¥"""" — z is a divisor of 2P — z, hence &, | a subfield
of R). By § 8, Theorem 1 there is then an isomorphism 7, between K, and £/, which
comprises 7, _1.

By § 2, Theorem 2 the union £ of the fields &, so constructed is then a subfield of
£/, We construct the isomorphism 7 between £ and £ as the “union isomorphism” of the
isomorphisms m,, as follows:

If a is any element of £, there is a smallest n = n(a) such that a is an element of ],.
By 7y (q) the element a is then assigned an element a’ of £, and every isomorphism 7; with
i = n(a) assigns a this same d/, since every isomorphism 7, comprises all 7; with k& = 4.

Then 7 assigns a precisely the o that is assigned to a by Tn(a)- This assignment is an
isomorphic one, since the m, are isomorphisms and any two elements ay, as of £ already
occur simultaneously in the field 8yax(n(a;), n(az))- That this isomorphism 7 also exhausts all
elements of £ follows from the fact that £ is the union of the &/, and the m,, are isomorphisms
between K,, and &),.

It only remains, then, to show that £ = £'. If ¢’ is any element of £/, then ' is algebraic
over P’ [£' is after all an absolutely algebraic field], i.e. [a' : '] is a finite number, which by
the hypothesis made about £’ is a divisor of m; so there is a number s, such that [a’ : ]
is a divisor of s,. By § 15, Theorem 5, a’ is therefore an element of £, which field is by
construction of type €, s, i.e. @’ is an element of £/, i.e. £ = £'.

The reader may now continue in the text on p. 60, at “We now wish”.

112. (to p. 58) Here the a, = a, - € are to be replaced by the natural numbers «,, between 0
and p — 1 assigned to them.

113. (to p. 59) 1. Since what is at issue are selections from a field that is certainly countable,
being absolutely algebraic, the selections can here be made constructively without applying
the principle of choice.

2. In the proof we have given (cf. Erl. 111) no selection at all need be made, if one bears
in mind further that K/, is uniquely determined by the conditions imposed on it.
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114. (to p. 64) The considerations of §§ 18, 20 and 21 are for the most part dispensable for
the proof of Main Theorems 8, 9 of § 21. That proof can be carried out substantially more
simply without them, admittedly with unrestrained use of the well-ordering theorem and
transfinite induction (cf. § 19).

Since the considerations of §§ 18, 20 and 21 are not needed in what follows and, apart
from § 18, Theorem 6, are of no independent interest, the reader may read the following in
place of them. § 18, Theorem 6 is easily inferred afterwards from Main Theorem 8 of § 21.
Proof of § 21, Theorem 8:

A. By Zermelo’s well-ordering theorem there is a well-ordering of the system of polynomials
S'; we keep one such fixed for the whole course of the proof.

We construct a chain of fields whose first member is K.

Let R, already be constructed for all ordinal numbers y < v in such a way that £, is a
subfield of R, whenever ¢ < o, and let all the £, be algebraic over Ky.

Case 1.: v is not a limit number. Let f,(x) then be the first polynomial from S that
does not yet break up into linear factors in £,_;. [If all polynomials from S already broke up
into linear factors in K,_1, we would already have been finished with the construction.] Then
by § 8, Theorem 2 there is an extension field K, of K,_1 which is algebraic over K,_1 and
just suffices for the breaking up of f,,) (z)").

Then K, is by § 7, Theorem 9 algebraic over £y and contains all 8, with 0 < p = v.

Case 2.: v is a limit number. Then by § 2, Theorem 2 the union of the fields &, with
0 < pu < vis a field & which is algebraic over & — it consists after all only of elements
algebraic over 8 — and which comprises all 8, with 0 < p < v.

If o is then the first ordinal number such that the construction step of Case 1. is no longer
applicable to R, (for the construction of ﬁg+1)**), then R, is a field of the kind sought. For
in the first place K, like all R, is algebraic over Ko; further, all polynomials from S break up
completely in K,, since in the contrary case the construction step of Case 1. would still be
applicable to K.

B. Let £ now be an extension of Ry in which all polynomials from S break up completely.
We then prove that there is a subfield of £ which is an extension of Ry equivalent to K, and
in which all polynomials from S likewise break up completely. With this our theorem will be
completely proved.

To prove our assertion we construct a chain of subfields £, of £:

1. £9 = Ry, 7w the identity map of Ky onto itself.

2. Let £, already be constructed for all 0 < u < v and let 7, be an isomorphism between
£, and K&, comprising 7, such that 7, is comprised by 7, for o < g.

Case 1.: let v not be a limit number. Then, since all polynomials from S break up
completely in £, there is a smallest subfield £, of £ comprising £, _1 which just suffices for
the breaking up of f,,y(7). By § 8, Theorem 1 there is then an isomorphism m, between £,

) Since R, is uniquely determined by K,_1 only up to isomorphisms, an ambiguity — algebraically inessential,
to be sure — arises here in the construction.
) This o is at most equal to the ordinal number of the well-ordered system S.
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and R, comprising m,_1. Clearly 7, comprises every 7, with 0 < u < v, and correspondingly
£, every £, with 0 = p < v,

Case 2.: let v be a limit number. Let £, then be the union of all £, with u < v. By § 2,
Theorem 2, £, is then a field. Let 7, then be the union isomorphism of all 7, with 0 < p < v,
an isomorphism between £, and &, comprising all 7, with p < v.

Once £,, m, are defined in this way for all 0 £ v < o, every polynomial from S breaks up
completely into linear factors in £,, which field is a subfield of £; for this holds for K;, and
because of the isomorphism 7, comprising mg, &, and £, are equivalent extensions of K.

The reader may now continue in the text on p. 80 at Theorem 9.

115. (to p. 68) Attention may be drawn to the following more extensive presentations of set
theory:

1. A. Fraenkel: Einfiihrung in die Mengenlehre, 3rd ed. Berlin 1928.
2. F. Hausdorff: Mengenlehre, 1st and 2nd ed. Berlin 1913 and 1927.
3. W. Sierpinski: Legons sur les nombres transfinis, Paris 1928 (Coll. Borel).

1. takes particular account of the foundations, 2. of the applications to point sets, while 3. is
more concerned with “pure” set theory.

116. (to p. 68) A rigorous proof of this assertion has not been given to this day; nor, however,
has anyone succeeded in proving the contrary.

117. (to p. 69) The ordinal number 0 is the order type of the empty set.

118. (to p. 70) If a complete induction ranges not merely over a totality of ordinal numbers
of the form a 4 n, where « is a fixed ordinal number while n runs only through the natural
numbers, then it is also called, in distinction from ordinary complete induction, transfinite
induction.

The principle of transfinite induction is usually applied in the following form, which is
equivalent to the formulation given by Steinitz:

If any statement holds 1. for the ordinal number o < 3,
2. for v + 1 £ 8 whenever it holds for v 2 «,

3. for the limit number v with 5 2 v > « whenever it merely holds for all numbers
wwith v > p 2 a,

then it holds for all v with o S v < 5.

From proof by complete induction, definition by complete induction is to be carefully
distinguished, though it can be brought into a similar form. Cf. on this J. v. Neumann: Uber
die Definition durch transfinite Induktion und verwandte Fragen der allgemeinen Mengenlehre,
Math. Ann. vol. 99 (1928), pp. 378ff., where a foundation is also given for the notion of
ordinal number which makes no use of the somewhat suspect notion of order type.

119. (to p. 81) For the coefficients of ¢(z) are rational functions of the elements of & with
coefficients from K; in each of them, therefore, only finitely many elements of & can occur.

g, s uniquely determined by £,_1, m, by m,_1 only up to finitely many possibilities; a unique determination
of m, by m,—1 can, however, always be achieved by well-ordering £.
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120. (to p. 81) The proof of Theorem 2 can also be put as follows:

Let R(S1) = Ry, £1(62) = R, R2(S3) = K3. Then by hypothesis and § 7, Theorem 7,
R3 is algebraic over s and Ko over £1. So by § 7, Theorem 9, fK3 is algebraic over &1, and
consequently the elements of &3 are algebraic with respect to R(S1).

121. (to p. 81) For if T is a subsystem of & and ¥ is reducible over &, then there is an
element ¢ in T such that ¢ is algebraic over £(T), where T is the totality of the elements of T
different from ¢. So t is also algebraic over £(&), where & is the totality of the elements of &
different from ¢; for T is a subsystem of &, hence £(%) a subfield of £(&). Consequently & is
reducible over R if the subsystem ¥ of G is.

122. (to p. 81) For if the system & is reducible, there is an element ¢ in & such that ¢ depends
algebraically on &, the totality of all elements of & different from ¢. By Theorem 1 there is
then a finite subsystem T of & on which ¢ depends algebraically. If T then consists of ¢ and
the elements of T, then ¥ is a finite, reducible subsystem of &.

123. (to p. 82) In full, the proof of Theorem 5 runs roughly as follows, where we also prove
along the way that over an arbitrary ground field there exist irreducible systems of arbitrary
power:

A. Let o be an ordinal number of the given power and R the ground field in question. We
construct a tower of fields:

1. Ry = K.

2. Let 8, already be constructed for all 4 < v < o, and in such a way that K) is a subfield
of 8, whenever A < p.

Case 1.: v is not a limit number. Let K, = R,_1(z,—1) then be the field arising from K,_;
by adjunction, according to § 5, Theorem 1, of the element z,_; transcendental with respect
to R,—1. Then &, is an overfield of all &, with p < v.

Case 2.: let v be a limit number. Then the union &, of all &, with u < v is by § 2,
Theorem 2 a field.

With this &, is defined by complete induction for all 0 £ v < ¢. Likewise x,, is defined for
al0Sv<o.

The totality & of the z, has order type o. Further, & is an irreducible system over K.
We prove this by transfinite induction: let &, be the system of all z, with 0 < 1 < v, for
0Sv<0o. Then 6 =6,.

Sy is certainly an irreducible system over R, for &g consists only of the element x,
transcendental over K.

Let it already be proved for all 0 < p < v < ¢ that &, is irreducible over K. Then
G, too is irreducible over K. For if v is not a limit number, then by construction z,_; is
transcendental over 8(S,_1), so that with &,_1, &, too is irreducible. If on the other hand
v is a limit number, then &, is the union of all &, with p < v. If &, were now reducible,
then by § 22, Theorem 4 there would be a finite reducible subsystem {z,,} (i = 1,...,n),
0 <y <v,in &,. But this already belongs to Smax(v1,....vm)+1, Whose index is certainly
smaller than v and which must therefore by hypothesis be irreducible, so that it cannot
contain a reducible subsystem. Contradiction! With this it is shown by transfinite induction
that for all 0 £ v < ¢ the system &, is irreducible over £, and in particular also that &, = &
is irreducible over R.
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Finally R, = R(6) is the extension sought.

B. Let 8(61), R(S2) now be two purely transcendental extensions of &, and let &; and
G3 be irreducible over R and of equal power. Then there is a one-to-one map ¢ of &; onto
Gg. Further, every element of 8(&;) can be represented as a rational function in certain
elements of G with coefficients from K. If one here replaces each of these elements of G
by the element of G2 assigned to it by ¢, then to every element of R(&;) one and only one
element of K(G2) is assigned, and this assignment represents an isomorphism of these two
fields. For the fact that this assignment is one-to-one follows from the fact that &; and &9
are irreducible systems, between whose elements no algebraic relations can hold. That the
assignment is an isomorphism, however, now follows simply from its definition.

If instead of one ground field one starts from isomorphic ground fields, one obtains in
general the

Theorem: To every field type T and every power m there is one and only one field type
Tm which represents a purely transcendental extension of ¥ and is obtained by adjoining an
irreducible system of power m to ¥.

124. (to p. 82) One can make the proof of Theorem 7 somewhat more transparent in the

following way:
n

a satisfies a certain irreducible algebraic equation Y a;a? = 0 with coefficients a; from the
i=0

field R(S). The a; are therefore rational functions in certain [finitely many| elements of &
with coefficients from the ground field K. It can even be assumed that the a; are relatively
prime polynomials [any denominators can after all be removed by multiplication, and any
common divisors by division], so that our equation is the irreducible, primitive equation from
R(6), determined uniquely up to a factor from K, which a satisfies.

The elements of & actually occurring in the a; form a [finite] system T, of which we want
to show that it has the properties stated in Theorem 7.

1. a depends algebraically on the subsystem ¥ of & by its definition.

2. Let T’ be a subsystem of & on which a depends algebralcally Then a satlsﬁes an

equation Z biz' = 0 with coefficients b; from £(%’). Then Z a;x is a divisor of Z bz’ and,

=0 =0
n .
since Y a;z" is an irreducible, primitive polynomial, T too is a subsystem of ¥’.
=0
n ‘
3. Let T = {t1,...,t}. Further Y a;a’ = 0 holds. Since the a; are polynomials in the

=0
ti, we can also expand the polynomial Z a;a’ in powers of any t;. Let Z cztk be such an
i=0
expansion. Then the ¢; cannot all vanish, since otherwise a would depend algebramally even
on the elements of T different from #;, contrary to 2. But since Z cith = Z a;a’ = 0, one

=0 =0
can in ¥ replace a by t; and obtains an equivalent, irreducible system.

4. Let T’ be any subsystem of & on which a depends algebraically. Then ¥ is by 2.

contained in ¥'. Let ¢ be an element of ¥’ not belonging to ¥. If one could now replace the
q .
element ¢ in ¥’ by a, there would be an equation Y d;x* = 0 satisfied by ¢, where the d; are
i=0

elements of the field £(%T,a). Here T arises from T’ by omitting t. But since T comprises T
and a depends algebraically on ¥, hence also on ¥, t would then depend algebraically on ¥,
so that & would by Theorem 3 not be irreducible. Contradiction!
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125. (to p. 82) By Theorem 1.

126. (to p. 84) The proof of this theorem is somewhat simpler in the following arrangement:
Let £ be a field comprising K, and &; and &3 two systems irreducible over K such that £
is algebraic over R(S;) (i = 1,2). It is to be shown that &1 and &2 are of equal power.
For the proof we well-order ;1 and &3, and this well-ordering is kept fixed in what follows:

S1 ={a}, 0Sv<a
62:{(),/}, 0§V<ﬁ.

A chain of systems ¥, irreducible over £ is then constructed, all of which are equivalent to
one another and to &1 and of equal power with them, and the last of which comprises &s.

1. Ty = {CLOV} =61, a9, =a,, 0 é Vv <a.

2. Let ¥, already be constructed for all 0 < p < 0, T, = {ap}, 0 £ v < «, so that the
following hold:

ay,.) For 0 < p < 0, T, consists only of elements occurring in at least one of the sets &;
and Gs.

b,.) For fixed v, either all a,, with 0 £ p < o are equal to one another, or there is a o(v)
such that all a,, with 0 < ¢ < p(v) are equal to one another and all ap, with po(v)+1 =S p <o
are equal to one another.

¢o.) For 0 £ p < 0, T, is irreducible over K.

ds.) For 0 = o0 < 0, £ is algebraic over £(F,).

Case 1.: let o not be a limit number. If Gy is then not a subset of T,_1 (in the other case
we would have reached the goal of our construction), then there is a first element by = by(,)
in &9 which does not yet occur in T,_1. By d,.), by is algebraically dependent on ¥,_1. By
§ 22, Theorem 7 there is then a finite subsystem U, 1 of T,_1 such that by already depends
algebraically on ,_; but on no proper part of 4,_1, and this subsystem is thereby uniquely
determined. 4,1 cannot consist only of elements of Go, since b is an element of So, depends
algebraically on 4,1, and &g is irreducible over 8. Let a,_q, ,(y) then be the first element of
iy—1 not belonging to Gy. We then define ¥, = {a,, } by the following equations:

- {ag_Ll, for v # 1/()\)} 0<v<a

b for v =v(\)
It is then to be shown that the propositions as41.) to dy41.) are likewise true: a,41.) and
bs+1.) are correct by construction without further ado, provided only that a,.) and b,.) are
correct. Cy41.) and dy41.) follow from § 22, Theorem 7.

Case 2.: let o be a limit number. We form ¥, as follows:

If for all 0 < p < o the ay, are equal to one another for fixed v, let a,, too be equal to all
these ap,. In the other case there is at least one p(v) such that all ay, with o(v) +1 S p <o
are equal to one another; we set gy = ay(,)11, -

Again a,41.), byy1.) are satisfied without further ado provided only that a,.), b,.) are.

If T, were reducible, then by § 22, Theorem 4 there would be a finite reducible subsystem
Ry of T,. By the construction of T, this would have to occur already in some ¥, with ¢ < o,
which is impossible, since by c,.) the T, are irreducible and § 22, Theorem 3 holds. So cs41.)
is correct.
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If finally a is any element of £, then by § 22, Theorem 1 it already depends algebraically
on a finite subsystem 20y of Ty = &;. If

Ao = {aov,,---,a0u, }, then let

Ay = {ag,, - a0, }-

By construction a then depends algebraically on the 2, as well; since these 2, are finite
systems, by b,.) they no longer change from a certain g on, so that 2, is equal to one of
them, i.e. a depends algebraically on the subsystem 2, of ¥,. dy41.) therefore holds as well.

If ¢ is a limit number and a,.) —d,.) are true for all 0 £ p < o, one easily verifies that
a,.)—dy.) are then true as well.

In this way we finally reach a T, which contains G- as a subsystem*). Further a;11.) to
dr41.) hold, so that &9 = T, must hold; for &9 and ¥, are both irreducible over K, and £ is
algebraic both over £(83) and over K(%;).

But with this the elements of Gy are well-ordered (namely as elements of ¥;) in such a
way that &2 has in the new well-ordering the same order type « as Gy; in particular, then,
&1 and G5 are of equal power.

The hypotheses made now say, as one easily sees, that G; and G are equivalent, irreducible
systems. It has been proved that they are then of equal power, i.e. § 23, Theorem 3, p. 88, at
which point the reader may now read on™ ).

127. (to p. 88) Note that the systems & and T have no element in common.

128. (to p. 89) By Theorems 5 and 6 the problem of investigating the possible field types is
reduced to finding all fields between certain ground fields and the algebraically closed fields
algebraic over them. But that is the basic task of Galois theory.

129. (to p. 89) Settling this question in the affirmative would have far-reaching consequences.
One could then prove that to every prescribed finite group & there exist absolutely algebraic
normal fields of characteristic 0 whose Galois group is precisely &. We carry this out below:

Let R first be an arbitrary field. Let the given group & be represented as a transitive
permutation group of a suitable number n of elements (e.g. by assigning to each element
the permutation of the group elements effected by multiplying by it on the right — the
so-called regular representation — Cayley’s group table). Let £ = R(&1,...,&,) be a purely
transcendental extension of K of transcendence degree n. Further let z1, ..., x, be the
elementary symmetric functions of &1, ..., &, and € = K(x1,...,2,). Then £ is a normal,
finite, algebraic extension of the first kind of &, and the Galois group of £ over € is the
symmetric group & on n elements (cf. on this Appendix A, Theorem 7, p. 104).

Let J now be the totality of all elements of £ invariant under the permutations from
®. That is a definite field between € and £. By the main theorem of Galois theory (cf.
Main Theorem 3 of Appendix A, p. 102), applied to £ over &, & is then the totality of the
permutations from & under which J remains elementwise invariant, i.e. & is the Galois group
of £ over J.

REEY)

™) Note that with this arrangement of the proof an application of Bernstein’s equivalence theorem becomes
unnecessary; cf. also O. Haupt: Algebra II, chapter 23, 6, pp. 591-594; the proof printed there, going back to
E. Noether, did not seem to fit so well into the text, however.
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If now the question raised in the text is settled in the affirmative, then J is purely
transcendental of transcendence degree n over K, since J lies between the purely transcendental
extensions £ and € of transcendence degree n. Let, say, J = K(j1,. .., jn) with algebraically
independent j1, ..., Jjn.

Since £ is of the first kind and finite over &, hence also over J, £ is by § 11, Theorem
4 simple over J. Let ¢ then be a primitive element of £ with respect to J and g(t) = 0
the irreducible equation from J satisfied by ¥. Apart from ¢, g(t) depends rationally on the
algebraically independent elements ji, ..., j,. Because of their algebraic independence these
may be regarded as “independent variables”, i.e. all rational relations are preserved if arbitrary
elements of R are substituted for them.

If now in particular 8 is the prime field of characteristic 0 [or another field over which
Hilbert’s irreducibility theorem holds], then elements of & can be substituted for ji, ..., j, in
such a way that ¢(f) remains irreducible. By this substitution the degree and the group of £
over J therefore remain unchanged (the group, because it is described by the substitutions of
the roots of g(t)), i.e. the resulting field £ has over J = £ the prescribed group &.
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